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Abstract: In a broad class of discrete-time rational-expectations models, I consider stabilization-
policy rules making the policy instrument react with coefficient ¢ € R to a (past, current, or
expected future) generic variable at time horizon h € Z, possibly among other variables. Using
two complex-analysis theorems, I establish some simple, necessary or sufficient conditions on ¢
and h for these rules to ensure local-equilibrium determinacy. These conditions lead to new,
general principles for stabilization policy. Building on these conditions, I characterize the cir-
cumstances under which (a generalized version of) the Taylor principle is necessary or sufficient
for determinacy. I also provide the first hard guidelines for finding rules with robust determinacy
properties across alternative models.
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1 Introduction

Dynamic rational-expectations models are widely used in macroeconomics. It is well known that
these models can have “sunspot equilibria” in which the economy fluctuates around a steady
state because of self-fulfilling expectations. Since these fluctuations are typically detrimental
to welfare, a natural goal for stabilization policy is to eliminate these equilibria by ensuring
“local-equilibrium determinacy” (i.e. existence and uniqueness of a stationary solution to the

locally log-linearized model).

A large number of papers have thus studied, in various specific contexts, the conditions under
which a policy-instrument rule ensures determinacy; that is, in discrete time, the inequality
conditions on the coefficients of the rule for the resulting dynamic system to satisfy Blanchard
and Kahn’s (1980) determinacy conditions. Probably the best known result along these lines is

about the so-called “Taylor principle” for monetary policy. Since Taylor (1993), monetary policy
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is commonly modeled by a simple interest-rate rule; in its simplest version, the Taylor principle
states that the rule should make the interest rate react more than one-for-one to the inflation
rate (when it reacts only to the inflation rate). This principle has been found to be necessary,
and sometimes also sufficient, for determinacy in some simple prominent models for different

inflation horizons in the rule (see, e.g., Woodford, 2003, Chapter 4).

Although some patterns emerge from this literature, no general result has yet been established.
The Taylor principle is a good guide for determinacy in many monetary-policy models, but a poor
one in others (see, e.g., Benhabib et al., 2001, Bilbiie, 2008). For monetary policy as for other
stabilization policies, we lack a general understanding of determinacy outcomes depending on
the model, the variables in the rule, and the coefficients and time horizons of these variables. We
lack this understanding because the literature has derived determinacy conditions analytically
only in simple models and for simple rules with short horizons. The main difficulty in getting
more general analytical results is that Blanchard and Kahn’s (1980) determinacy conditions are
about the roots of the characteristic polynomial of the dynamic system; and these roots depend

on (the coefficients and horizons of) the policy-instrument rule in a complicated way.

In this paper, I use two complex-analysis theorems to overcome this difficulty and establish
some general, simple, necessary or sufficient conditions for determinacy in dynamic rational-
expectations models. These conditions are directly about the coefficients and horizons of the

policy-instrument rule, and lead to new principles for stabilization policy.

More specifically, 1 consider a general class of (locally log-linearized) discrete-time infinite-
horizon rational-expectations models. Throughout most of the paper, I focus on (locally log-
linearized) rules that make the policy instrument react to a single variable (or linear combination
of variables) with coefficient ¢ € R. The time horizon of this variable is h € Z: the policy instru-
ment reacts to the |h|-period-lagged variable (when h < —1), the current variable (when h = 0),
or the current expectation of the h-period-ahead variable (when A > 1). The determinacy status
of the dynamic system composed of the model and the rule can be either “determinacy” (unique
stationary solution), or “multiplicity” (infinity of stationary solutions), or “explosiveness” (no
stationary solution). I characterize this determinacy status as a function of the coefficient ¢ and

the horizon h in the rule, for |¢| sufficiently small or large, and/or for |h| sufficiently large.

I distinguish between two cases, depending on whether a regularity condition is met or not. This
regularity condition is only about the model and the variable in the rule; it does not involve the

coefficient ¢ nor the horizon h of this variable.

When the regularity condition is met, there exists a positive threshold ¢ such that for any |¢| < ¢,
the determinacy status is independent of h and is the same as under a policy-instrument peg
(¢ = 0). Intuitively, for |¢| sufficiently small, the rule does not change the system’s dynamics
enough to affect the determinacy status. Moreover, there exists a higher threshold ¢ and a

horizon h* € Z such that for any |¢| > ¢, there is explosiveness if h < h* — 1, determinacy if



h = h*, and multiplicity if h > h*+1. Intuitively, for |¢| sufficiently large, the rule dominates the
structural equations in the system’s dynamics: a sufficiently large weight |¢| on outcomes before
(resp. after) horizon h* favors exploding (resp. imploding) paths and leads to explosiveness

(resp. multiplicity).

For |¢| € (¢, ¢), the structural equations do not entirely dominate the rule in the system’s
dynamics (since |¢| > ¢), nor does the rule entirely dominate the structural equations (since
|¢| < @). As |h| — 400, the roots of the system’s characteristic polynomial distribute themselves
between inside and outside the unit circle C of the complex plane in proportion of the share of
C on which the structural equations dominate the rule and the share of C on which the rule
dominates the structural equations. So, as h — —oo (resp. as h — +00), we eventually get
more (resp. fewer) roots outside C than non-predetermined variables, and hence explosiveness

(resp. multiplicity), for any given |¢| € (¢, §).

[ address the question of whether the set of “determinacy horizons” (i.e. the set of horizons h € Z
such that determinacy obtains for at least one value of ¢ € R) is bounded or not, below or above.
This question matters for the desirability of backward- or forward-looking stabilization policy
(and, in turn, backward-looking stabilization policy matters in the presence of “inside lags” —
as are called recognition, decision, and implementation lags, which delay the reaction of policy
to the state of the economy). The answer depends on whether the model delivers determinacy,
multiplicity, or explosiveness under a policy-instrument peg (¢ = 0). In the monetary-policy
literature, with the interest rate as the policy instrument, one comes across the three kinds of

models, as I discuss below and as I illustrate in the main text.

For models that deliver determinacy under a peg, the set of determinacy horizons is unbounded
below and above, since determinacy obtains for |[¢| < ¢ at any horizon. For models that deliver
multiplicity (resp. explosiveness) under a peg, the set of determinacy horizons is bounded above
(resp. below). The reason is that large positive (resp. negative) horizons h do not much “perturb”
the imploding (resp. exploding) equilibrium paths obtained under a peg, as the reaction of the
policy instrument prescribed by the rule on these paths decreases exponentially with |A|; so,
these horizons preserve the determinacy status obtained under a peg if this status is multiplicity
(resp. explosiveness). For these models, the set of determinacy horizons can also be bounded

both below and above; I establish sufficient conditions for this outcome to obtain.

I also study the validity of the Taylor principle as a necessary or sufficient condition for deter-
minacy. I consider Woodford’s (2001, 2003) version of the Taylor principle, sometimes called
the long-run Taylor principle, which has a broader scope than the simpler version of the Taylor
principle described above. I provide a formal, general definition of this principle, which applies
to any stabilization-policy model and any variable in the rule. I characterize circumstances
under which this principle is (alternatively) irrelevant, not necessary, not sufficient, sufficient,

or locally necessary and sufficient for determinacy.



When the regularity condition mentioned above is not met, the results are partly modified. As
I discuss and illustrate in the text, this condition is typically not met, for instance, when the
variable in the rule is the first difference of a variable in the structural equations (e.g. the output
growth rate in the rule and the output level in the structural equations), or when the variable in
the rule is the output level and the long-run Phillips curve is vertical. In these cases, the results
about the determinacy status for |¢| > ¢ are changed; those about the determinacy status for

|¢| < ¢ and about the set of determinacy horizons are unchanged.

The regularity condition is also typically not met when, conversely, a variable in the structural
equations is the first difference of the variable in the rule (e.g. the inflation rate in the structural
equations and the price level in the rule). In that case, the results about the determinacy status
for |¢| below or just above ¢ are changed, and so are those about the set of determinacy horizons;

the results about the determinacy status for [¢| above a neighborhood of ¢ are unchanged.

I illustrate all these results, obtained under the regularity condition or not, with several simple
monetary-policy examples. The models and calibrations are entirely borrowed from the liter-
ature. Even though the models are not quantitative, it is worth noting that ¢ and ¢ can be,
in these examples, of the same order of magnitude as standard values of ¢ in the literature.
Moreover, the highest determinacy horizon, when it exists, is not higher than 2 periods; the

lowest one, when it exists, is not lower than -1 period (the period being typically a quarter).

Finally, I extend the results to rules involving several variables with different horizons and
coefficients, one of which is a variable with horizon h and coefficient ¢; and to inertial rules, i.e.
rules involving the past values of the policy instrument in addition to a variable with horizon
h and coefficient ¢. The extended results show notably that for models delivering multiplicity
under a policy-instrument peg, the set of determinacy horizons can always be made unbounded

”

below and above with a “superinertial rule,” i.e. a rule that would make the policy instrument

explode over time if the variables set by the private sector were taken out of the rule.

A few remarks may serve to put my contribution in the context of the literature. The paper is,
to my knowledge, the first to establish general determinacy conditions about the coefficients and
horizons of policy-instrument rules. In particular, the concepts of ¢, ¢, and h* are new. The
literature has derived determinacy conditions analytically only in simple models and for simple
rules with short horizons (so that the degree of the characteristic polynomial of the dynamic
system is typically not higher than 3). Early examples of such contributions include Benhabib
et al. (2001), Bullard and Mitra (2002), Carlstrom and Fuerst (2002), and Woodford (2003,
Chapter 4), for horizons between -1 and 1. The two complex-analysis theorems that I use to
establish my general results are those of Rouché (1862) and Erdés and Turan (1950). Bhattarai
et al. (2014) use a stronger version of Rouché’s theorem to derive a sufficient condition for
determinacy in a model with partial price indexation and habit formation in consumption; this

condition, unlike mine, is not directly about the coefficients and horizons of the rule.



Some of the results I establish are conditional on whether the model delivers multiplicity, de-
terminacy, or explosiveness under a policy-instrument peg. One comes across the three types
of models in the monetary-policy literature. Standard New Keynesian models typically deliver
multiplicity under an interest-rate peg; this property is emphasized by Cochrane (2011, 2022);
Giannoni and Woodford (2002) and Woodford (2003, Chapter 8) call it the “Sargent-Wallace
property,” after Sargent and Wallace (1975). Older models often deliver explosiveness under an
interest-rate peg; this property is emphasized by Cochrane (2011, 2022), who calls these models
“Old Keynesian.” More recently, models have been developed that can deliver determinacy un-
der an interest-rate peg (and, as a result, can solve some New Keynesian puzzles and paradoxes
at the zero lower bound). Examples include the heterogenous-agents models of Acharya and
Dogra (2020) and Bilbiie (2008, 2021), and the bounded-rationality model of Gabaix (2020).

The policy-instrument rules that I consider may involve any variable set by the private sector
(at any positive or negative time horizon). In my numerical illustrations, I consider notably
inflation, real output, nominal output, and the price level, all of which are classic variables
in the monetary-policy literature; in particular, Woodford (2003) calls the interest-rate rules
involving the price level “Wicksellian rules,” after Wicksell (1898). Whether the variable(s) in
the rule should be expressed in level or in growth rate is a long-standing issue in the literature
(see, e.g., McCallum, 1999); my general results shed light on the implications of this choice for

determinacy outcomes.

I also consider any type of inertial rules, including “first-difference rules,” i.e. rules with a
coefficient of unity on the lagged policy instrument (advocated in, e.g., Levin et al., 1999, and
Levin and Williams, 2003), and “superinertial rules” (described above). As I discuss in the main
text, my general results shed light notably on the determinacy implications of first-difference
rules, on the poor performance of superinertial rules in Old Keynesian models (Rudebusch and
Svensson, 1999, and Levin and Williams, 2003), and on the degree of superinertia of “robustly
optimal rules” (Woodford, 2003, Chapter 8, and Giannoni and Woodford, 2002, 2003, 2005).

My results about positive determinacy horizons offer an explanation for the propensity of
forward-looking interest-rate rules to generate multiplicity in New Keynesian models, as found
in, e.g., Levin et al. (2003). Existing results on this front are mostly numerical and sparsely
distributed across calibrated models and rules; my analytical results generalize them to a broad
class of models and a broad class of rules (making the policy instrument react to any expected
future variable). Woodford (1994) and Bernanke and Woodford (1997) were the first to warn

against forward-looking rules on multiplicity grounds.

My results about negative determinacy horizons matter in the presence of inside lags. McCallum
(1999) argues that rules need to take these lags into account to be operational. Benhabib (2004)
analyzes the implications of inside lags for determinacy in a simple monetary-policy model

(analytically in continuous time, numerically in discrete time); he argues that the lag structure



may be long in discrete time — e.g., up to sixty periods if inflation changes twice daily and
the interest rate is set according to inflation lagged thirty days. In Loisel (2021b), I investigate
the ability of stabilization policy to ensure determinacy and uniquely implement a targeted
equilibrium in the presence of inside or outside lags; the approach I take there (starting from
a targeted characteristic polynomial and deriving a corresponding, arbitrarily complex policy-
instrument rule) is radically different from the one I am taking here, and does not lead to any

simple “principle” for stabilization policy.

Benhabib et al. (2001, 2003) derive determinacy conditions analytically for backward- and
forward-looking interest-rate rules in a simple monetary-policy model, depending on whether
prices are flexible or sticky and on how money enters preferences and technology. Their backward-
and forward-looking rules differ from mine; in particular, their backward-looking rules amount
to inertial rules, as Benhabib et al. (2003) note. Like Benhabib (2004), Benhabib et al. (2001,
2003) conduct most of their analysis in continuous time. The mathematical tools that I use are
helpful for establishing general analytical determinacy conditions in discrete time, but not in

continuous time.!

As T discuss in the main text, my general results provide guidelines for finding rules with robust
determinacy properties across alternative models. The literature on the robustness of interest-
rate rules across alternative monetary-policy models includes notably Levin et al. (1999, 2003),
Levin and Williams (2003), Taylor and Williams (2011), and Wieland et al. (2012, 2016).

Most of the literature on policy-instrument rules is about monetary policy. The influential role
of simple interest-rate rules in the actual conduct of monetary policy is documented in the
contributions in Koenig et al. (2012), and discussed by the Federal Reserve (2018a, 2018b).
But my results apply more generally to any stabilization policy. In particular, fiscal policy also

raises indeterminacy issues, as first shown by Schmitt-Grohé and Uribe (1997).

I establish not only determinacy conditions, but also multiplicity conditions and explosiveness
conditions. Clarida et al. (2000) and Lubik and Schorfheide (2004) have famously argued that
US macroeconomic volatility before 1979 may be due to multiplicity. Beaudry et al. (2017, 2020)
argue that recent US macroeconomic data are consistent with explosiveness (and convergence

to a limit cycle).

Two limitations of my work are worth mentioning. First, like most of the related literature, 1
take the case of local-equilibrium multiplicity seriously. Some authors argue that an equilibrium-
selection criterion should be used in this case, like the minimal-state-variable criterion of Mc-
Callum (1983) — for which Angeletos and Lian (2022) provide a recent formal justification —
or the expectational-stability criterion of Evans (1985). From this alternative point of view,

the distinction between determinacy and multiplicity may not matter anymore; but my results

'The determinacy status depends on the number of characteristic roots inside the unit circle of the complex
plane (in discrete time), or on the number of characteristic roots in the left half-plane (in continuous time).
Rouché’s theorem, which I use, can directly characterize the former number, not the latter.



about explosiveness vs. either determinacy or multiplicity should still be of interest. Second,
and again like most of the related literature (but unlike, e.g., Benhabib et al., 2001, 2002, 2003),
I restrict attention to local equilibria, or their non-existence, in locally log-linearized models.
This focus may not be that much of a limitation if non-local equilibria can be ruled out with the
type of escape clause considered in, e.g., Benhabib et al. (2002); whether they can or cannot is,

however, subject to debate (see, e.g., Cochrane, 2011, 2022).

The rest of the paper is organized as follows. Section 2 illustrates some of the main results
of the paper in the basic New Keynesian model, with a rule making the interest rate react to
inflation or output. The next two sections generalize the analysis to a broad class of models
and to rules involving any single variable, depending on whether a regularity condition is met
(Section 3) or not (Section 4). Section 5 extends the results to rules involving several variables
and to inertial rules, and discusses some possible applications. I then conclude and provide a

technical appendix.

2 A basic New Keynesian illustration

In this illustrative section, I derive some of the main results of the paper in a simple and well
known context: the basic New Keynesian model, with a rule making the interest rate react to
inflation or output. The analysis is a special case of the more general analysis conducted in the

next section.

2.1 Determinacy status under Rule 1

I refer the reader to Woodford (2003) and Gali (2015) for a detailed presentation of the basic
New Keynesian model. In this model, at each date t € Z, the private sector sets inflation m; and

output y; according to the following (locally log-linearized) IS equation and Phillips curve:

Yy = Et{yt+1}_§(it_Et{7"t+l})7 (1)
e = BEd{m1} + ryr, (2)

where E.{.} denotes the date-t rational-expectations operator, and o > 0, 5 € (0,1), and Kk > 0
are three parameters.? I abstract from exogenous shocks in these structural equations, as they
are irrelevant for determinacy issues. The policymaker is a central bank setting the short-term
nominal interest rate 7;. I start with the case in which the central bank reacts to the past,
current, or expected future inflation rate; i.e., I consider the following (locally log-linearized)
interest-rate rule:

it = d)Et {7Tt+h} y (Rule ].)

%I use the same notations for the parameters as in Gali (2015). Woodford (2003) uses the same notations for
B and &, but replaces 1/0 by o.




where (¢,h) € R x Z (with E¢ {74} = m4n when h < 0). I call ¢ and h the coefficient and
horizon of inflation in the rule — or, with slight abuse of language, the coefficient and horizon

of the rule.

Using the Phillips curve (2) and Rule 1 to replace yy, y¢+1, and 7; in the IS equation (1), I get

the dynamic equation

BE; {miq2} — (1 + B8+ E) Ey {1} +m + %Et {meen} =0.
g g

Using the lag operator L, I rewrite this dynamic equation as

E{Q(D)mes} + 2y (s} =0, ®)

where Q(2) := B— (1+ B+ k/0)z + 2% € R[2].> Let v denote the number of non-predetermined
variables of this dynamic equation, P(z) the reciprocal polynomial of its characteristic polyno-
mial, C the circle of radius 1 centered at the origin of the complex plane, and p the number
of roots of P(z) inside C.* As follows from Blanchard and Kahn (1980), the dynamic equation
has an infinity of stationary solutions if p < v, a unique stationary solution if p = v, and no
stationary solution if p > v. I say that the “determinacy status” S(¢, h) of the system composed
of the structural equations (1)-(2) and Rule 1 is equal to M (for “multiplicity”) in the first case,

D (for “determinacy”) in the second case, and E (for “explosiveness”) in the third case.

Under an interest-rate peg (¢ = 0), we have v = 2 (the two non-predetermined variables being
E¢ {m+1} and E; {m2}) and P(z) = Q(z). Since Q(0) = g > 0, Q(1) = —k/o < 0, and
lim,er 400 @(2) = 400, Q(2) has one root in (0,1) and another in (1, 4+00). With p = 1 roots
inside C for v = 2 non-predetermined variables, thus, the dynamic equation has an infinity of

stationary solutions: S(0,h) = M for any h € Z.

When the interest rate is not pegged (¢ # 0), we generically have v = max(2,h) (the non-
predetermined variables being E; {m 1} for k € {1, max(2,h)}) and

P(2) = Q(z)zmx(0-2) 1. & jmax(02-1)
(o

This result is “generic” in the sense of holding for all (¢,h) € (R\ {0}) x Z except (¢,h) =
(=Bo/k,2). If (¢, h) = (—Bo/k,2), then the coefficient of E; {my12} in the dynamic equation is
0, and we get v = 1 instead of v = 2. I study such zero-measure cases in detail in Loisel (2009);

I ignore them in the present paper.

I determine the determinacy status S(¢,h) for |¢| sufficiently small or large, and/or for |h|

sufficiently large. T obtain the following results:’

3Throughout the paper, R[z] denotes the set of polynomials in z with real-number coefficients. Similarly, C|z]
denotes the set of polynomials in z with complex coefficients.

“For any P(z) € R[z] of degree d, the reciprocal polynomial of P(z) is z?P(z~"). T work with the reciprocal
polynomial of the characteristic polynomial, rather than with the characteristic polynomial itself, as the former
is more convenient to use than the latter in conjunction with the lag operator.

°In this proposition and in the rest of the paper, I use the shortcut “V |¢|...” for “¥Y¢ € R such that |¢]|...”.



Proposition 1 (Determinacy status in the basic New Keynesian model under Rule

1): Consider the basic New Keynesian model (1)-(2) with the rule iy = ¢E;{mpn}, where

(¢p,h) ER X Z. Let ¢ := (0/k) minec |Q(2)| and ¢ := (0/k) maxzec |Q(2)]. Then:

(a) V|¢| < ¢, VheZ, S(¢,h) = M;

(b) ¥|o| > &, (i) YVh < —1, S(¢,h) = E, (ii) S(¢,0) = D, (iii) YVh > 1, S(é,h) = M;

(c) Fh ez, V|6l € (6,8), ¥h = h, S(6.h) = M;

(@) 3h: (6.8) > Z, (i) V16| € (6,8), Vh < h(ld]), S(6.h) = E, (it) Ve € (0,6 — 9), h is
bounded on (¢ + €, ¢).

Proof: See Subsection 2.2 and Appendix A.1. B
This proposition may look a bit cryptic at first sight. To enable the reader to grasp it at a

glance, I represent it diagrammatically in Figure 1. This figure shows the determinacy status

S(¢, h) in the pseudo half-plane (h,|¢|) € Z x R4, according to Proposition 1.

Figure 1: Determinacy status for the basic New Keynesian model and Rule 1

D Determinacy D Multiplicity D Explosiveness Not characterized in Proposition 1

In the next two subsections, to convey the intuition behind Proposition 1, I prove Points (a)-(b)

and I provide an outline of the proof of Points (c)-(d).

2.2 Proof of Points (a)-(b) of Proposition 1

Points (a)-(b) of Proposition 1 are about the determinacy status S(¢, h) for a sufficiently small
or large absolute value of the coefficient ¢. To prove these points, I use the theorem of Rouché
(1862). I refer the reader to Henrici (1988, Theorem 4.10b, Page 280) for a general and modern
statement of this theorem. Because I will apply it only to polynomials, I only need the following,
more restrictive version of the theorem, where the term “Jordan curve” refers to a non-self-
intersecting closed curve in the complex plane, and where the subscripts “b” and “s” stand

respectively for “big” and “small™:



Theorem 1 (Rouché, 1862): Let J be a Jordan curve, Py(z) € Clz], and Ps(z) € Clz]. If
Vz € J, |Py(z)| > |Ps(2)|, then Py(z) + Ps(2) and Py(z) have the same number of roots inside
J (counting multiplicity).

Proof: See Henrici (1988, Page 280). B

To determine S(¢, h) for |¢| sufficiently small, T apply Rouché’s theorem to J = C, Py(z) =
Q(2)zm2x(0h=2) "and Py(z) = (¢r/0)2z™#*O02=h) (with, thus, Py(z) + Ps(z) = P(2)). For any
|p| < ¢ 1= (0/k) minzec |Q (2)| and any z € C, we have

max(0,h—2) : z ?H ‘ ‘ K
Q(z)2" =1Q()| 2 min|Q ()] = > ===

g

K —
ﬂzmax(O,Q h)
g

So, Rouché’s theorem implies that P(z) has the same number of roots inside C as Q(z)z™2x(0:h=2),

The latter polynomial has exactly max(1,h — 1) roots inside C, since Q(z) has exactly one root
inside C. Therefore, p = max(1,h — 1) < max(2,h) = v, and we get S(¢,h) = M for any h € Z.
Intuitively, for |¢| sufficiently small, the rule does not change the system’s dynamics enough to
affect the determinacy status, and this status remains the same as under an interest-rate peg

(i.e., multiplicity).

To determine S(¢, h) for |¢| sufficiently large, I switch Py(z) and Ps(z): i.e., I apply Rouché’s
theorem to J = C, Py(2) = (¢r/0)z™2¥02=1) "and P,(2) = Q(2)2™>(h=2) For any |¢| > ¢ =
(0/k) maxzee |Q (2)| and any z € C, we have

O O Q)] 2 Q) = [

g g zeC

K —
ﬂzmax(O,Q h)
g

So, Rouché’s theorem implies that P(z) has the same number of roots inside C as (¢r /o) z™2x(0:2=h),
The latter polynomial has exactly max(0,2 — h) roots inside C; so, p = max(0,2 — h). Since
v = max(2, h), we get: (i) if h < —1, then p > v and S(¢,h) = E; (ii) if h = 0, then p = v
and S(¢,h) = D; and (iii) if h > 1, then p < v and S(¢, h) = M. Intuitively, for |¢| sufficiently
large, the rule dominates the structural equations in the system’s dynamics: a large weight |¢|
on past inflation (h < —1) favors exploding paths and leads to explosiveness; a large weight |¢|

on expected future inflation (h > 1) favors imploding paths and leads to multiplicity.

I show in Appendix A.2 that ¢ = 1 and ¢ = 1+ 2(1 + B)o/k. That Rule 1 does not deliver
determinacy in the basic New Keynesian model for ¢ € (0,1) and ¢ > 142(1+ 8)o/k is already
known for h = 1 (see, e.g., Gali, 2015, Chapter 4, and Woodford, 2003, Chapter 4). Points
(a)-(b) of Proposition 1 extend this result to any horizon h € Z \ {0}.

2.3 Outline of the proof of Points (c)-(d) of Proposition 1

Point (c) of Proposition 1 is about the existence of h € Z such that S(¢,h) = M for any
|¢| € (¢,0) and any h > h. In my proof (in Appendix A.1), I do not seek to find the smallest

10



integer h of that kind; I postpone this question to Subsection 2.6. Let z, denote the root of
Q(z) in (1,400), with the subscript “o” standing for “outside C.” Consider a Jordan curve J,
surrounding z, and not intersecting nor surrounding C. I apply Rouché’s theorem to J = 7,
Py(2) = Q(2)2"2, and P,(z) = ¢r/o. 1 obtain that for h sufficiently large, P(z) has exactly
one root inside J,, and hence at least one root outside C, which implies p < v and S(¢,h) = M.

The intuition for this result is the following. Under an interest-rate peg (¢ = 0), we have a
multiplicity of equilibrium paths that converge over time to zero at rate z, . When the interest
rate is not pegged (¢ # 0), these paths are no longer equilibrium paths: they do not satisfy the
dynamic equation (3) because of the term (¢r/o)Ei{m15} in this equation. When h is large,
however, they are “close to satisfying” the dynamic equation, as the term (¢r/o)Ei{mip} is,
on these paths, proportional to z,” and hence close to zero. As a result, by continuity, there
are neighboring paths that do satisfy the dynamic equation; i.e., there are equilibrium paths

that converge over time to zero at a rate close to z, '

As h — 400, these equilibrium paths
uniformly converge to those under an interest-rate peg, as the rate at which they converge over
time to zero converges to z, ' (as can be readily checked by considering an arbitrarily small
Jordan curve J, around z, in the reasoning above). In this sense, arbitrarily large horizons in

the rule preserve all the local equilibria existing under an interest-rate peg.

Point (d) of Proposition 1 is about the determinacy status for |¢| € (¢, $) and —h sufficiently
large. To prove this point in Appendix A.1, I consider a given |¢| € (¢, ¢) and I proceed in four
steps. In the first step, I show that all but one root of P(z) converge uniformly to C as h — —o0.
I get this result by applying Rouché’s theorem twice: once to a circle approaching C from inside,
and another time to a circle approaching C from outside. In the second step, I show that the
roots of P(z) uniformly converging to C as h — —oo converge in distribution to the uniform
distribution on C. This result is a direct consequence of the second complex-analysis theorem

that T use in the paper: the theorem of Erdés and Turan (1950), which T state in Appendix A.1.

In the third step, I consider an arc A of C on which the rule “dominates” the structural equations:
Vze A, [¢| > |Q(2)|o/k > ¢. T use again Rouché’s theorem to show that as h — —oo, any root
of P(z) close to A lies inside C — reflecting the fact that a sufficiently large weight on sufficiently
ancient outcomes favors exploding paths. Given the result of the second step, therefore, the share
of roots of P(z) inside C is bounded below by ¢(A)/¢(C) as h — —oo, where £(.) denotes the
standard length operator (i.e., the Lebesgue measure on C). As a result, as h — —oo, the
number of roots of P(z) inside C grows unboundedly (p — +o00) and eventually exceeds the
constant number of non-predetermined variables (v = 2), leading to explosiveness. In the fourth
step, finally, I use the fact that if [¢| is bounded away from ¢, then £(A) is bounded away from

zero, and the function h(.) mentioned in Point (d) of Proposition 1 can be chosen bounded.
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2.4 Determinacy status under Rule 2

I now replace inflation with output in the rule; i.e., I consider the rule

it = ¢Et {yt+h} . (Rule 2)

Using the Phillips curve (2) and Rule 2 to replace v, y¢+1, and i; in the IS equation (1), I get

the following dynamic equation:

BB mz} = (1464 5) Eufma) + 7+ £ (B {ran) — BB {misnin)) =

So, when the interest rate is not pegged (¢ # 0), there are now v = max(2,h + 1) non-

predetermined variables, and the reciprocal polynomial of the characteristic polynomial is

¢

P(Z) _ Q(Z)Zmax((),hfl) +Z (Z N /B) zmax(O,l—h).
g

It is easy to conduct the same analysis as in the previous subsections, replacing Q(z)zmax(o’h_2),

(ko) zmex(0.2=h) ¢ = (0/k)min.ec|Q(z)], and ¢ := (0/k) max.cc |Q(z)| by, respectively,
Q(z)2maxOh=1) (¢ /5)(2—B) 210 ¢ .= o min,ec |Q(2)/(z — B)], and ¢ := o max.ec |Q(2)
/(z — B)|. Since 5 € (0, 1), the results are unchanged: Points (a)-(d) of Proposition 1 still hold
with the new thresholds ¢ and é.

Proposition 2 (Determinacy status in the basic New Keynesian model under Rule
2): Consider the basic New Keynesian model (1)-(2) with the rule iy = ¢E; {yi1n}, where

(¢,h) € R X Z. Let ¢ := omin.cc|Q(2)/(z — B)| and ¢ := omax.cc|Q(2)/(z — B)|. Then,
Points (a)-(d) of Proposition 1 still hold.

Proposition 2 can be represented in exactly the same diagrammatic form as Proposition 1:
Figure 1 shows the determinacy status in the basic New Keynesian model not only under Rule
1, but also under Rule 2. The analytical expression of the thresholds ¢ and ¢ under Rule 2 are
determined in Appendix A.3.

2.5 Numerical example

In order to illustrate Proposition 1-2 and the next propositions numerically, I consider Wood-
ford’s (2003, Chapter 4) calibration of the basic New Keynesian model: (3, x, o) = (0.99,0.022,
0.16), the period being one quarter. I call “Model 1”7 the resulting calibrated model, as it is the

first of several calibrated models that I will consider in the paper.

The results obtained for Model 1 and Rules 1-2 are presented in Figure 2. This figure represents
the determinacy status S(¢, h) in the pseudo half-plane (h, ¢) € Z x R4 with a log scale for ¢. 1

focus on positive values of ¢ for consistency with the theoretical and empirical literatures. The
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Figure 2: Determinacy status for Model 1 and Rules 1-2

D Determinacy D Multiplicity D Explosiveness

coefficient threshold ¢y featuring in the figure will be introduced and commented upon in the

next subsection.

Even though the basic New Keynesian model is clearly not a quantitative model, a few features
of this figure are worth emphasizing. First, the horizon threshold at and above which the rule
can no longer deliver determinacy (i.e., the lowest integer h in Point (c) of Propositions 1-2) is
two quarters for Rule 1, and one quarter for Rule 2. So, in this numerical example, monetary
policy should hardly be forward-looking (under Rule 1), or not be forward-looking at all (under
Rule 2), in order to ensure determinacy. In the next subsection, I will determine analytically

this horizon threshold for Rule 1, and I will argue that it is typically low.

Second, Rule 2 can no longer deliver determinacy for a horizon equal to or lower than minus
two quarters. So, in this numerical example, a central bank that would react to output with a
delay of two or more quarters, say because of data-publication lags, would necessarily be behind
the curve and fail to ensure determinacy, no matter how strongly or weakly it reacts to output.
In Subsection 2.7, I will derive analytically a necessary and sufficient condition for existence of

such a horizon threshold at and below which Rule 2 can no longer deliver determinacy.

Third, compared to standard values of ¢ in the literature (often between 0.5 and 2), the lower
coefficient threshold ¢ is of the same order of magnitude or one order of magnitude smaller, while
the upper coefficient threshold ¢ is of the same order of magnitude or one order of magnitude

larger.

In addition, I have also considered Gali’s (2015, Chapter 3) calibration of the basic New Keyne-
sian model: (8, k,0) = (0.99,0.125, 1), the period being again one quarter. Most of the results
under this alternative calibration are qualitatively and quantitatively similar. In particular,
determinacy can again be obtained only for A < 1 under Rule 1, and only for h € {—1,0} under
Rule 2. The only notable difference is that ¢ and ¢ for Rule 2 are roughly multiplied by a factor
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of 6 (essentially because of the difference in the value of o between the two calibrations).

2.6 Determinacy horizons and Taylor principle under Rule 1

I now characterize more precisely the set of horizons for which Rules 1 and 2 can deliver deter-
minacy, i.e. the set Hp := {h € Z|3¢ € R, S(¢,h) = D} (which I call the set of “determinacy
horizons”), in order to assess the desirability of forward- and backward-looking monetary policy.
I also examine the validity of the Taylor principle as a condition for determinacy. I do that for

Rule 1 in this subsection, and for Rule 2 in the next subsection.

Before stating the results, I need to specify what I mean by “Taylor principle.” There are several
versions of this principle in the literature. The simplest and narrowest version is that the rule
should make the interest rate react more than one-for-one to the inflation rate, when it reacts
only to the inflation rate. Another, more general version, sometimes called the long-run Taylor
principle, was proposed by Woodford (2001, 2003) and is used in, e.g., Gali (2015, Chapter 4).
For the sake of generality, I adopt the latter version of the Taylor principle — which, in the basic

New Keynesian model under Rule 1, amounts anyway to the former version.

I will provide a formal, general definition of the long-run Taylor principle in Section 3. In
the current section, I only need to state this principle in the specific context of the basic New
Keynesian model, under Rule 1 or 2. In this context, loosely speaking, the long-run Taylor
principle states that if the inflation rate were permanently higher by one percentage point,
then the system composed of the Phillips curve (2) and Rule 1 or 2 should make the interest
rate permanently higher by more than one percentage point. Under Rule 1, this principle
straightforwardly translates into ¢ > ¢y := 1, where the subscript W stands for “Woodford.”
Under Rule 2, this principle amounts to ¢ > ¢w = /(1 — ), since the Phillips curve (2) implies
that a permanent increase in inflation of one percentage point leads to a permanent increase in

output of (1 — /3)/k percentage points.

I can now state the results for Rule 1 as follows:

Proposition 3 (Determinacy horizons and Taylor principle in the basic New Key-
nesian model under Rule 1): Consider the basic New Keynesian model (1)-(2) with the rule
iy = OBt {min}, where (¢, h) € R x Z. Then ¢w = ¢ and:

(a) Hp ={h € ZIh <1+ (1 — B)o/k};

(b) Yh € Z\ Hp, the Taylor principle is irrelevant for D;

(¢) Vh € Hp, the Taylor principle is locally necessary and sufficient for D;

(d) Yh € Hp, the Taylor principle is sufficient for D if and only if h = 0.

Proof: See Appendix A.4. B

Point (a) of this proposition characterizes the set Hp. It gives the analytical expression of
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the smallest integer h in Point (c) of Proposition 1. In standard calibrations of the basic New
Keynesian model, the horizon threshold 1+ (1 — 8)o/k is typically between 1 and 2, because /3
is typically set to 0.99 (on a quarterly basis). In the two calibrations considered in the previous
subsection, in particular, this threshold takes the values 1.07 and 1.08, which are much closer to
1 than to 2. So, in the basic New Keynesian model, a central bank reacting to inflation should

hardly be forward-looking, if at all, in order to ensure determinacy.

Point (a) of Proposition 3 also says that a central bank reacting to inflation can be arbitrarily
backward-looking and still ensure determinacy; but, as we know from Point (d) of Proposition

1, the set of values for ¢ leading to determinacy gradually shrinks to the empty set as h — —oc.

Points (b)-(d) of Proposition 3 are about the Taylor principle as a condition for determinacy.
Point (b) straightforwardly follows from the definition of Hp. Point (d) of Proposition 3 essen-
tially follows from Point (b) of Proposition 1. Point (c) states a local result, i.e. a result holding
for ¢ in the neighborhood of ¢y = 1. As ¢ crosses ¢y from below, one root of P(z) crosses C
at point 1. When h < 14 (1 — 8)o/k, the root goes from outside to inside C, so the determinacy
status moves from multiplicity to determinacy. Alternatively, when h > 1+ (1—/3)o/k, the root
goes from inside to outside C, so the determinacy status remains multiplicity. All these results

about the Taylor principle can be seen in the left panel of Figure 2, where I have featured ¢y .

2.7 Determinacy horizons and Taylor principle under Rule 2

I now turn to Rule 2: T characterize again, this time partially, the set of determinacy horizons
Hp, and I study again the validity of the Taylor principle as a condition for determinacy. As
discussed in the previous subsection, the Taylor principle under Rule 2 is ¢ > ¢w := /(1 — ().
Let me define

n = {(1—5)2+(1+ﬂ+§)2]6—(1+6)(1+62) (1+5+§).

I can then state the results for Rule 2 as follows:

Proposition 4 (Determinacy horizons and Taylor principle in the basic New Key-

nesian model under Rule 2): Consider the basic New Keynesian model (1)-(2) with the rule

it = B¢ {yi1n}, where (¢p,h) € R x Z. Then:

(a) Hp is bounded above;

(b) Hp is bounded below if and only if ’77 — 452‘ < 4p (1 + ﬁ2);

(¢) Vh € Z\ Hp, the Taylor principle is irrelevant for D;

(d) Yh € Hp, the Taylor principle is sufficient for D if and only if h =0;

(e) if (and only if) k/o > (1+ B)(1 — B)?/B, then: (i) dw = &, (ii) Vh < —1, the Taylor prin-
ciple is sufficient for E, (i1i) for h =0, it is sufficient for D, (iv) Yh > 1, it is suff. for M;

(f) if (and only if ) n—4B% < —43 (1 + ﬂz), then: (i) ¢w = ¢, (i) Yh € Z, the Taylor principle
is locally necessary and sufficient for D if and only if h < (1 — B8)(1+ o /K).
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Proof: see Appendix A.5. B

Points (a) and (c) of this proposition straightforwardly follow from, respectively, Point (c) of
Proposition 2 and the definition of Hp. Points (d)-(e) of Proposition 4 essentially follow from
Point (b) of Proposition 2. Note that Point (e) of Proposition 4 has no counterpart in Proposition
3; the reason is that under Rule 1, unlike under Rule 2, we necessarily have ¢y = ¢ and hence

éw # ¢ (as stated in Proposition 3).

Point (b) of Proposition 4 states the necessary and sufficient condition on the structural pa-
rameters for Hp to be bounded below. If this condition is met, then a central bank reacting to
output with a sufficiently long delay will necessarily generate either multiplicity or explosiveness,
no matter how strongly or weakly it reacts to output. The condition stated in this point is, in
fact, necessary and sufficient for argmin,cc |Q(2)/(z — 8)| C C\ {—1,1}, i.e. for the minimum
in the definition of ¢ to be obtained for some non-real z’s, whose number is necessarily even.
So, as |¢| crosses ¢ from below, an even number of roots of P(z) cross C, either from inside to
outside, or vice-versa. To move from multiplicity to determinacy, however, we would need ex-
actly one root of P(z) to go from outside to inside C. So, the determinacy status either remains
multiplicity, or jumps directly from multiplicity to explosiveness. For —h sufficiently large, if
no |¢| in the neighborhood of ¢ can ensure determinacy, then more generally no |¢| € Ry can
ensure determinacy. Note that Point (b) of Proposition 4 has no counterpart in Proposition
3; the reason is that under Rule 1, unlike under Rule 2, the minimum in the definition of ¢ is
necessarily obtained for z = 1: argmin,ec |Q(z)| = {1} ¢ C\ {-1,1}.

The conditions stated in Point (b) and (e) of Proposition 4 are met in Model 1, as apparent
in the right panel of Figure 2 (where I have featured ¢y ). They are also met under the other

calibration considered in Subsection 2.5.

Point (f) of Proposition 4 is similar to Point (c) of Proposition 3. Under the condition stated
in this point, one root of P(z) crosses C at point 1 as ¢ crosses ¢y from below. When h <
(1 = B)(1+ o/k), the root goes from outside to inside C, so the determinacy status moves from
multiplicity to determinacy. Alternatively, when h > (1 —/)(1+0/k), the root goes from inside

to outside C, so the determinacy status remains multiplicity.

3 Determinacy analysis for regular systems

In this section, I generalize the results of the previous section to a broad class of dynamic
rational-expectations models, and to rules making the policy instrument react to any variable
(or linear combination of variables) at horizon h with coefficient ¢. I focus on models and rules
that make the dynamic system “regular” in a sense that I specify below; I postpone the analysis

of non-regular systems to the next section.
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3.1 Model and rule

At each date t € Z, the private sector sets an n-dimension vector of endogenous variables X;

according to the following (locally log-linearized) structural equations:
E{A (L") [A(L) X+ L"B(L)i]} =0, (4)

where again i; denotes the policy instrument at date ¢, L the lag operator, and E.;{.} the date-t
rational-expectations operator. I abstract again from exogenous shocks, as they are irrelevant
for determinacy issues. These structural equations are parameterized by n € N\ {0}, v € N,
A(z) € R™"[z], B(z) € R™![z], and A(z) € R™"[z] which is a diagonal matrix whose j

diagonal element is 2% with §; e NS

I make two non-restrictive assumptions on A(z) and B(z). First, I assume that det[A(0)] # 0;
this assumption is made without any loss in generality because any system of independent struc-
tural equations of type (4) that does not satisfy this assumption can be equivalently rewritten
as a system of type (4) that does. Second, I assume that B(z) # 0; this assumption is needed
simply for the policy instrument to have some effect on the endogenous variables set by the

private sector.

The structural equations (1)-(2) of the basic New Keynesian model, in particular, can straight-

forwardly be written in a form of type (4) with n =2, v =0,
1

Xt:[yt},A(z):[é S},A(Z):[lz Biz},andB(z):{o‘i].

¢ RZ
This system satisfies the two assumptions made above: det[A(0)] = 8 # 0, and B(z) # 0.

The policymaker follows the following (log-linearized) policy-instrument rule:

it = QB¢ {vin}, (5)

where again ¢ € Rand h € Z (with E; {vi14} = vi4n, when h < 0), and where v; can be any linear
combination of current and past endogenous variables: v := V(L)X with V(2) € RI*"[z]. 1

make the following non-restrictive assumption on V(z):

_ A(z) B(z)
W(z) := det [ V(z) 0 # 0.
If this assumption were not satisfied, then v; could be expressed as a linear combination of (a
backward-looking version of) the structural equations, and would therefore be exogenous. In
the basic New Keynesian model, for instance, we have W(z) = [(8 — 2)V1(z) — k2Va(2)]2/0,
where Vi(z) and Va(z) denote the two elements of V(z); so, imposing W(z) # 0 amounts to

5Throughout the paper, letters in bold denote vectors and matrices that have potentially more than one
element. 0 denotes a vector or a matrix whose elements are all equal to zero and whose dimensions depend on
the specific context in which it is used. For any (n1,n2) € (N'\ {0})?, R"*"2[2] denotes the set of polynomials
in z whose coefficients are n; X ne matrices with real-number elements.
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ruling out variables v; of type vy = V(L) (m_1 — By — kys—1) with V(2) € R[2], i.e. variables v;
that are “proportional” to a backward-looking version of the Phillips curve (2). Such variables
are exogenous because they can be rewritten, using the Phillips curve (2), as the sum of past
expectation errors: v; = —BV(L)(m; — Ey_1{m}). For a horizon h higher than the degree of

V(z), in particular, the term E¢{vs.p} in the rule (5) is simply zero.

3.2 Determinacy status

As in Section 2, let v denote the number of non-predetermined variables of the system (4)-(5),
and P(z) the reciprocal polynomial of the characteristic polynomial of this system. In addition,
let w € N denote the multiplicity of 0 as a root of W(z) (with w = 0 if W(0) # 0). I start by

establishing a useful preliminary result:

Lemma 1: If ¢ = 0, then v = 6 := >, d; and P(2) = Q(z) := det[A(2)]. If ¢ # 0, then,

except possibly for a zero-measure set of values of ¢, v = 6 + max(0,h —m) and
P(Z) _ Q(Z)Zmax(o,h—m) + ¢R(z)zmax(0,m—h)’ (6)

where m :=w — v and R(z) := —z7“W(z).
Proof: See Appendix A.6. B

This lemma generalizes similar preliminary results obtained in Section 2: in the specific context
of the basic New Keynesian model, we had Q(z) = 8 — (1 + 3 + k/0)z + 2% and § = 2, with
m = 2 and R(z) = k/o for Rule 1, and m = 1 and R(z) = (z — 3)/o for Rule 2. The “zero-
measure set of values of ¢” mentioned in the lemma refers again to the possibility of reducing v
below § + max(0,h — m) with carefully designed policy-instrument rules as in Loisel (2009), a

possibility that I ignore in the present paper.

The polynomial Q(z) depends on the model (4), not on the rule (5). It is the reciprocal poly-
nomial of the characteristic polynomial under a policy-instrument peg, i.e. under the policy-
instrument rule i; = 0. The polynomial R(z) depends on the model (4) and the variable v; in
the rule (5), not on the coefficient ¢ nor on the horizon h of the rule (5). It is the reciprocal

polynomial of the characteristic polynomial under the “targeting rule” v; = 0.

Let gc := #{z € C|Q(z) = 0} and r¢ := # {2z € C|R(z) = 0} denote the number of roots of Q(z)
and R(z) on C (counting multiplicity). I distinguish between two cases : the “regular case” in
which g¢c = r¢ = 0 (as in Section 2), and the “non-regular case” in which g¢ > 1 or r¢ > 1. 1
focus on the regular case in the current section, and I will address the non-regular case in the

next section.

I also distinguish between three kinds of models, depending on their determinacy status under a
policy-instrument peg (¢ = 0). Let p:=#{2 € C|P(z) =0,|z| <1} and ¢ := # {2z € C|Q(z) =
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0,|z| < 1} denote the number of roots of P(z) and Q(z) inside C (counting multiplicity). As
follows from Lemma 1, p = ¢ and v = § under a policy-instrument peg. As a result, Blanchard
and Kahn’s (1980) root-counting condition for determinacy, p = v, is met under a peg if and
only if ¢ = §. I assume here, and everywhere else in the paper, that Blanchard and Kahn’s
(1980) no-decoupling condition is met (it is straightforward to check that it is met in all the
specific examples I consider in the paper).” As a result, the determinacy status under a peg is
multiplicity for models with ¢ < §—1 (Vh € Z, S(0,h) = M), determinacy for models with ¢ = ¢
(Vh € Z, S(0,h) = D), and explosiveness for models with ¢ > 0+1 (Vh € Z, S(0,h) = E). As1
document in the Introduction, one comes across the three types of models in the monetary-policy

literature.

Using Lemma 1, it is easy to conduct the same analysis as in Section 2, and thus to generalize
Propositions 1-2 to the class of models (4) and the class of rules (5). I obtain the following
proposition, where r := # {z € C|R(z) = 0, |z| < 1} denotes the number of roots of R(z) inside
C (counting multiplicity):

Proposition 5 (Determinacy status for systems with gc = rc = 0): Consider a model (4)

and a variable v, such that g =re = 0. Let ¢ := min.cc |Q(2)/R(2)|, ¢ := max.cc |Q(2)/R(2)],

and h* :=m+1r — 6. Then, under the rule iy = B {vpyp} with (¢,h) € R x Z:

(a) V|o| < ¢, Vh€Z, (i) if ¢ <6 —1, then S(¢,h) = M, (ii) if ¢ =6, then S(¢,h) = D, (iii)
if g >0+ 1, then S(¢,h) = E;

(b) V|¢| > &, (i) Yh < h* — 1, S(6,h) = B, (i) S(6,h*) = D, (iii) Vh > h* + 1, S(¢,h) = M;

(c) 3h: (6,8) = Z, () VI6| € (6,8), Yh > h(|6]), S(6.h) = M, (i) Ve € (0,6 — ), h is
bounded on (¢ + ¢, ¢), (i) if ¢ < 0 — 1, then h is bounded on (¢, ¢);

@ T (6.8) = Z, () V|| € (68), Yh < h(l6), S(6.h) = E, (i) e € (0,6 — @), h is
bounded on (¢ + €, ¢), (iii) if ¢ > 6 + 1, then h is bounded on (¢, ).

Proof: See Appendix A.7. B

Like Propositions 1-2, this proposition may look a bit cryptic at first sight. Like Propositions 1-2,
however, it can be represented in a simple diagrammatic form: Figure 3 shows the determinacy

status S(¢, h) in the pseudo half-plane (h, |¢|) € Z x R, according to Proposition 5.

The intuitions behind Proposition 5 are identical or similar to those behind Propositions 1-2.
In Point (a), as |¢| < ¢, the rule does not change the system’s dynamics enough to affect
the determinacy status, and this status remains the same as under a policy-instrument peg.
Compared to Point (a) of Propositions 1-2, the novelty is that the determinacy status under a

peg can now be not only M (when ¢ < § —1), but also D (when ¢ = §) and E (when ¢ > §+1).

"The “no-decoupling condition” requires that the system should not be “decoupled” in the sense of Sims (2007).
It is formulated as a matrix-rank condition in Blanchard and Kahn (1980, Page 1308), and is often called the “rank
condition” in the literature. Sims’ (2007) bare-bones example of a system meeting the root-counting condition
but not the no-decoupling condition is z; = 1.1z¢—1 + & and E¢{ys+1} = 0.9y + vs.
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Figure 3: Determinacy status for systems with g¢c =r¢ =0

D Determinacy D Multiplicity D Explosiveness D Not characterized in Proposition 5

In Point (b), as |¢| > ¢, the rule dominates the structural equations in the system’s dynamics
and makes the determinacy status depend only on h. Compared to Point (b) of Propositions

1-2, the novelty is that the horizon h* can now be different from zero.

Points (c)-(i), (c)-(ii), (d)-(i), and (d)-(ii) of Proposition 5 generalize Point (d) of Propositions
1-2. For |¢| € (¢,), as |h| = +oo, the roots of P(z) distribute themselves between inside
and outside C in proportion of the share of C on which the structural equations dominate the
rule and the share of C on which the rule dominates the structural equations. So, as h — —oo
(resp. as h — 400), we eventually get more (resp. fewer) inside roots than non-predetermined

variables, and hence explosiveness (resp. multiplicity).

Finally, Points (c)-(iii) and (d)-(iii) of Proposition 5 generalize Point (c) of Propositions 1-2.
Large positive (resp. negative) horizons h do not much perturb the imploding (resp. exploding)
equilibrium paths obtained under a policy-instrument peg, as the term E;{vyy} is small on
these paths; so, these horizons preserve the determinacy status obtained under a peg if this

status is multiplicity (resp. explosiveness).

3.3 Numerical examples

In order to illustrate Proposition 5 and the next propositions numerically, I consider, in addition
to Model 1, five other simple calibrated monetary-policy models. Table 1 presents the overall six
models: two are with ¢ = 6 — 1, two with ¢ = ¢, and two with ¢ = § + 1. All these models share
the following features: they have two structural equations; these equations are an IS equation
and a Phillips curve; and the two endogenous variables set by the private sector are output and

inflation.
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Table 1: Six simple calibrated monetary-policy models

No. Model Calibration q—>9
1 Basic New Keynesian Model Woodford (2003) -1
2 McKay et al. (2017) McKay et al. (2017) -1
3 Gabaix (2020) Gabaix (2020) 0
4 Bilbiie (2008) Bilbiie (2008) 0
5 Svensson (1997) and Ball (1999) Ball (1999) 1
6 Rudebusch and Svensson (1999) Rudebusch and Svensson (1999) 1

The IS equation and the Phillips curve of Models 2-4 are of type

1 .
yr = oE{ys1} — p (it — Ee{meq1}),
m = BE{m41} + Ky,

where the notations are the same as in Section 2, and a € (0,1] is an additional parame-
ter. The parameters (o, 3,0, k) take the following values: (0.97,0.99,2.67,0.02) in Model 2,
(0.85,0.792,5,0.11) in Model 3, and (1,0.99, —0.11,0.228) in Model 4. These models introduce,
into the basic New Keynesian model, income risk and borrowing constraints (Model 2), bounded
rationality (Model 3), or limited asset-markets participation (Model 4). Compared to the basic
New Keynesian model (in which « is implicitly equal to 1), Model 2 “discounts” the IS equation
(i.e. reduces a), Model 3 discounts both the IS equation and the Phillips curve (i.e. reduces

both a and ), and Model 4 inverts the slope of the IS equation (i.e. makes o negative).

Unlike Models 1-4, Models 5-6 are non-micro-founded and purely backward-looking. The IS
equation and the Phillips curve of Model 5 are

vy = A1 — p(l—1 — m—1),
M = M1+ XYt—1,

where (A, u, x) = (0.8,1,0.4). The IS equation and the Phillips curve of Model 6 have a richer

lag structure:

o= > Ak Y (kT

k=1
4
o= Zk:l Opi—k + XYt—1-

The parameters (A1, Ao, p, 61,02, 03,04, x), estimated on US data, take the values (1.16, —0.25,
0.10,0.70, —0.10, 0.28, 0.12, 0.14).

A first numerical illustration of Proposition 5 is provided by Figure 2 in Section 2. This figure,
which T have already commented upon, shows the determinacy status S(¢, h) for Model 1 and
Rules 1-2, in the pseudo half-plane (h, ¢) € Z x Ry with a log scale for ¢. Since Model 1 satisfies

q = 0 — 1, Figure 2 is more specifically a numerical example of the left panel of Figure 3.

Figure 4 is the counterpart of Figure 2 for Models 3-5. The top four panels of this figure show
the determinacy status for the systems (Model j, Rule k) with j € {3,4} and k € {1,2}. These
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systems satisfy q¢c = r¢ = 0; therefore, they fall within the ambit of Proposition 5. Moreover,
Models 3-4 satisfy ¢ = §; so, the top four panels of Figure 4 are, more specifically, numerical
examples of the middle panel of Figure 3. In these panels, thus, the rule can deliver determinacy
for any horizon h, unlike in Figure 2. Compared to standard values of ¢, the lower threshold ¢ is
of the same order of magnitude or several orders of magnitude smaller, while the upper threshold
¢ is of the same order of magnitude or several orders of magnitude larger. The “topology” of the
E, D, and M regions is simple in the top two panels (for Model 3): each region is connected,
and the borders between regions are monotonic functions linking A to ¢. The topology is more
complex in the middle two panels (for Model 4): the M region is disconnected, and the borders

between regions are non-monotonic, with “lace patterns.”

The bottom left panel of Figure 4 shows the determinacy status for the system (Model 5, Rule
1). This system also satisfies gc = r¢ = 0, and hence also falls within the ambit of Proposition 5.
Moreover, Model 5 satisfies ¢ = 0 + 1; so, the bottom left panel of Figure 4 is, more specifically,
a numerical example of the right panel of Figure 3. Qualitatively speaking, the D region in the
bottom left panel of Figure 4 looks like the mirror image, with left and right reversed, of the D
region in the left panel of Figure 2. The horizon threshold at and below which the rule can no
longer deliver determinacy is minus one period; so, in this example, a central bank that would
react to inflation with a delay of at least one period would necessarily be behind the curve and
fail to ensure determinacy, no matter how strongly or weakly it reacts to inflation. Compared
to standard values of ¢, the lower threshold is of the same order of magnitude, while the upper

threshold is one order of magnitude larger.

Finally, the bottom right panel of Figure 4 shows the determinacy status for the system (Model
5, Rule 2). This system satisfies g¢ = 0, but not r¢ = 0. For this system, indeed, we have
R(z) = (1 —z)/x and hence ¢ = 1, because the Phillips curve of Model 5 is vertical in the long
run. So, the bottom right panel of Figure 4 is not an illustration of Proposition 5. T will analyze

the case r¢ > 1 in Section 4.

3.4 Determinacy horizons

I now turn to the question of whether the set of determinacy horizons Hp := {h € Z|3¢ €
R, S(¢,h) = D} is bounded or not, below or above. This question matters for the desirability
of backward- or forward-looking stabilization policy. Let A, = argmin,cc |Q(2)/R(z)|. 1

provide the following answer to this question:

Proposition 6 (Determinacy horizons for systems with gc = rc = 0): Consider a model
(4) and a variable v such that q¢ = r¢ = 0. Then, under the rule iy = QE; {vitn} with
(¢,h) € R x Z:

(a) if q =10, then Hp = 7Z;

(b) if g <6—1 (resp. q > 6+ 1), then: (i) Hp is bounded above (resp. below); (ii) if ¢ — ¢
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Figure 4: Determinacy status for Models 3-5 and Rules 1-2

D Determinacy D Multiplicity D Explosiveness

is odd and Apmin C C\ {—1,1}, then Hp is bounded below (resp. above); (iii) if ¢ = — 1
(resp. q =0+ 1) and Apin € {{—1},{1}}, then Hp is unbounded below (resp. above).

Proof: See Appendix A.8. B

Points (a) and (b)(i) of this proposition straightforwardly follow from Points (a), (c)(iii), and
(d)(iii) of Proposition 5. Point (a) of Proposition 6 is illustrated in the top four panels of Figure
4, while Point (b)(i) of Proposition 6 is illustrated in the two panels of Figure 2 and the bottom
left panel of Figure 4.
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Point (b)(ii) of Proposition 6 states a sufficient condition for the absence of a D region either in
the left tail of the left panel of Figure 3, or in the right tail of the right panel of Figure 3. This
point generalizes, along several dimensions, Point (b) of Proposition 4. Under the condition
stated in this point, as |¢| crosses ¢, an even number of roots of P(z) cross C; in order to get
determinacy, however, we would need an odd number of them. For |h| sufficiently large, if no |¢|
in the neighborhood of ¢ can ensure determinacy, then more generally no |¢| € Ry can ensure
determinacy. So, the determinacy status jumps directly from multiplicity to explosiveness, or
vice-versa, as |¢| goes from zero to infinity. Under the condition stated in this point, thus,
a sufficiently backward- or forward-looking stabilization policy will necessarily fail to deliver
determinacy, no matter how strongly or weakly the policy instrument reacts to the state of the

economy. This point is, again, illustrated in the right panel of Figure 2.

Finally, Point (b)(iii) of Proposition 6 states a sufficient condition for the existence of an un-
bounded D region either in the left tail of the left panel of Figure 3, or in the right tail of
the right panel of Figure 3. This point generalizes Point (a) of Proposition 3 and Point (b)
of Proposition 4. Under the condition stated in this point, as [¢| crosses ¢, we need exactly
one root of P(z) to cross C in order to get determinacy, and we do get exactly one such root
(for all horizons if A, = {1}, and for every other horizon if A, = {—1}). We also need
this root to cross C in the right direction, and the root does so for h or —h sufficiently large
(depending on the sign of ¢ — §). Thus, when a policy-instrument peg generates multiplicity
(resp. explosiveness), the rule can be arbitrarily backward-looking (resp. forward-looking) and
still ensure determinacy; as we know from Points (c)(ii) and (d)(ii) of Proposition 5, however,
the set of values for ¢ leading to determinacy gradually shrinks to the empty set as h — —o0
(resp. h — 400). These results are illustrated in the left panel of Figure 2 and the bottom left
panel of Figure 4.

3.5 Taylor principle

Finally, I investigate the validity of the Taylor principle as a condition for determinacy. I start
by providing a formal, general definition of Woodford’s (2001, 2003) long-run Taylor principle.
Woodford (2001, 2003) mostly describes this principle in the specific context of the basic New
Keynesian model with several alternative parametric families of interest-rate rules. He discusses
how to generalize this principle to a broader context as follows: “One observes quite generally
— in the case of any family of policy rules that involve feedback only from inflation and output,
regardless of how many lags of these might be involved — that the boundary between sets of
coefficients that satisfy the Taylor principle and those that do not will consist of coefficients for
which there is an eigenvalue exactly equal to 1. (...) It follows that a real eigenvalue crosses
the unit circle as the sign of the inequality corresponding to the Taylor principle changes. This
boundary is therefore one at which the number of unstable eigenvalues increases by one. Often

this results in moving from a situation of indeterminacy to determinacy, though I do not seek to
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establish general conditions for this” (Woodford, 2003, Chapter 4, Page 256, Footnote 27).

The system (4)-(5) has an eigenvalue equal to 1 if and only if P(1) = 0. If R(1) =0, then P(1)
does not depend on the coefficient ¢. Alternatively, if R(1) # 0, then P(1) = 0 if and only
if ¢ = ¢ = —Q(1)/R(1) (where again the subscript W stands for “Woodford”). In all the
examples considered by Woodford (2001, 2003), ¢w is non-negative and the Taylor principle
is ¢ > ¢w, not ¢ < ¢w (i.e., the policy instrument should react to the variable sufficiently
strongly, not sufficiently weakly). So, I propose the following definition of the Taylor principle:

Definition 1 (Taylor principle): If R(1) # 0 and ¢w = —Q(1)/R(1) > 0, then the Taylor
principle is ¢ > Py .

This definition is a generalization of the definition considered in Section 2. The latter definition
was tailored to the specific context of the basic New Keynesian model. Both definitions lead to
the same Taylor principle in this model: ¢ > 1 for Rule 1, and ¢ > /(1 — 3) for Rule 2. The
definition in Section 2 referred to the permanent reaction of the interest rate to a permanent
change in inflation; the eigenvalue 1 in Woodford’s quote and the root 1 of P(z) capture these
long-run changes. The advantage of Definition 1 is that it applies not just to the basic New
Keynesian model with inflation or output in the interest-rate rule, but more generally to any
stabilization-policy model and any variable v; in the policy-instrument rule — as long as ¢y
exists and is non-negative. In fact, in the literature, one can already come across Definition
1’s Taylor principle outside the context of the basic New Keynesian model: the “income-risk
augmented Taylor principle” of Acharya and Dogra (2020) and the “HANK Taylor principle” of
Bilbiie (2021), for instance, coincide with Definition 1’s Taylor principle (as long as ¢y > 0).

The condition that ¢y should exist and be non-negative is, of course, not always met. The
system (Model 5, Rule 2), for instance, is such that ¢y does not exist, since R(1) = 0 in this
system (as discussed in Subsection 3.3). The systems (Model 3, Rule 1) and (Model 3, Rule
2) are such that ¢y exists but is negative; in this case, whether the Taylor principle should
be defined as ¢ > ¢y or ¢ < ¢y is unclear. These three systems correspond to the top left,
top right, and bottom right panels of Figure 4; so, ¢ does not appear in these panels. 1 have

featured ¢w in the other panels of this figure.

Let Apqs := argmax,ec |Q(z)/R(z)|. T can now state the results about the Taylor principle as

follows:

Proposition 7 (Taylor principle for systems with o = r¢ = 0): Consider a model (4)
and a variable vy such that g¢ =rc =0 and ¢pw > 0. Let h*™* :=m+ R'(1)/R(1) — Q'(1)/Q(1).
Then, under the rule iy = ¢E {vsyrp} with (¢, h) € Ry x Z:

(a) if ¢ # 0, then Yh € Z \ Hp, the Taylor principle is irrelevant for D;

(b) if g =9, then Vh € Z, the Taylor principle is not necessary for D;
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(¢c) Yh € Z\ {h*}, the Taylor principle is not sufficient for D;

(d) if Apaz = {1}, then: (i) ¢w = ¢, (i) Yh < h* — 1, the Taylor principle is sufficient for E,
(13) for h = h*, it is sufficient for D, (iv) Vh > h* 4+ 1, it is sufficient for M ;

(e) if Apin = {1}, then: (i) ¢w = ¢, (ii) Yh € Z, the Taylor principle is locally necessary and
sufficient for D if and only if (=0 —1 and h < h*™*) or (¢q=0+1 and h > h**).

Proof: See Appendix A.9. B

Points (a)-(d) of this proposition straightforwardly follow from the definition of Hp and Points
(a)-(b) of Proposition 5. Point (d) of Proposition 7, in particular, is illustrated in the right panel
of Figure 2 and the middle two panels of Figure 4.

Point (e) of Proposition 7 states the necessary and sufficient condition for the Taylor principle
to be locally necessary and sufficient for determinacy when ¢y = ¢. This point generalizes
Point (c) of Proposition 3 and Point (f) of Proposition 4. If ¢ = 6 — 1 (resp. ¢ = § + 1), then, as
¢ crosses ¢y = ¢ from below, we need exactly one root of P(z) to go from outside to inside C
(resp. from inside to outside C) in order to get determinacy, and we do get exactly one such root
if and only if h < h** (resp. h > h**). Alternatively, if |¢ — | # 1, then we still have exactly
one root of P(z) crossing C as ¢ crosses ¢y = ¢, but we would need a different number of such
roots in order to get determinacy. This point is illustrated in the left panel of Figure 2 and the

bottom left panel of Figure 4.

Points (d)-(e) of Proposition 7 focus on the cases in which ¢w € {¢,$}. However, the case
in which ¢w € (¢, ) may also arise; the system (Model 2, Rule 2) is one example (figure not

shown).

4 Determinacy analysis for non-regular systems

In this section, I consider the same class of models and the same class of rules as in the previous
section, and I extend the analysis to non-regular systems, i.e. systems with either g¢ > 1 or
rc > 1. I highlight which results do not change and which ones do, and how and why, as we

move from regular to non-regular systems.

4.1 Sources of non-regularity

I start with a brief discussion of the sources of non-regularity. To that aim, and also to illustrate
the results that I will obtain for non-regular systems, I consider, in addition to Rules 1 and 2, four
other simple interest-rate rules. The overall six rules are presented in Table 2. Consistently with
the analysis so far, they make the interest rate react to only one variable (or linear combination
of variables), at horizon h and with coefficient ¢. I will consider policy-instrument rules with

several variables, or with policy-instrument inertia, in Section 5.
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Table 2: Six simple interest-rate rules

No. Rule Variable in the rule
1 it = OB {mqn} Inflation
2 it = OEH{Yitn} Real Output
3 ir = QE{Ayipn} Real-Output Growth
4 it = PE+{prin} Price Level
5 it = QE{Den + Yean} Nominal Qutput
6 it = OB {mipn + Ayryn} Nominal-Output Growth

The six variables in the six rules are standard in the monetary-policy literature. Rules 1 and
2 are the rules I considered in the previous sections; they involve inflation and (real) output
respectively, and can be viewed as special cases of what are often called (backward-, current-,
or forward-looking) “Taylor rules,” after Taylor (1993). Rule 4 involves the price level (denoted
by p; at date t), and corresponds to what Woodford (2003) calls the “Wicksellian rule,” after
Wicksell (1898). Rule 5 involves nominal output; like inflation and the price level, nominal
output is a variable that has a long history as a candidate target for monetary policy. Note that
the variables in Rules 1, 3, and 6 are the first differences of the variables in Rules 4, 2, and 5
respectively. The question of whether the monetary-policy instrument should react to variables

in levels or in growth rates is a long-standing issue in the literature (see, e.g., McCallum, 1999).

Six models times six rules makes thirty-six systems. Table 3 displays the values of g¢ and r¢ for

these systems. More than half of them are non-regular.

Table 3: g¢ and r¢ for Models 1-6 and Rules 1-6

Rule 1 Rule 2 Rule 3 Rule 4 Rule 5 Rule 6
Model

qgc Tc gc Tc gc Tc qgc Tc qgc Tc qgc Tc
1 0 0 0 0 0 1 1 0 1 0 0 0
2 0 0 0 0 0 1 1 0 1 0 0 0
3 0 0 0 0 0 1 1 0 1 0 0 0
4 0 0 0 0 0 1 1 0 1 0 0 0
5 0 0 0 1 0 2 1 0 1 2 0 2
6 0 3 0 4 0 5 1 3 1 3 0 3

Note: When gc = 1, the root of Q(z) on C is 1. When r¢ > 1, the set of roots of R(z) on C, coun-
ting multiplicity, is {1}, {1,1}, {0.8 + 0.6i,0.8 — 0.6}, {—1,4, —i}, {1, 1,4, —i}, or {1,1,—1,4, —i}.

Systems with 7¢ > 1 can obtain under several alternative circumstances. First, R(z) is a multiple
of 1 — z (implying R(1) = 0 and 7¢ > 1) when the rule makes the policy instrument react to a
variable in first difference, rather than in level. For instance, all the systems (Model j, Rule 3)
for j € {1,...6} are of that kind, as Rule 3 makes the interest rate react to the output growth
rate, rather than the output level like Rule 2. In particular, in the basic New Keynesian model
considered in Section 2 (whose calibrated version is Model 1), we had R(z) = (¢ — 8)/c under

Rule 2; under Rule 3, we have R(z) = (1 — z)(z — 8)/o, and hence R(1) = 0 and r¢ = 1.
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Second, in monetary-policy contexts, R(z) is also a multiple of 1 — z under Rule 2 when the
long-run Phillips curve is vertical, as in Models 5-6. In particular, in the model of Svensson
(1997) and Ball (1999) described in Section 3 (whose calibrated version is Model 5), we have
R(z) = (1 — z)pn/x under Rule 2, and hence R(1) =0 and ¢ = 1.

Third, R(z) is a multiple of Zz:_ol 2% with T > 2 (implying r¢ > 1) when the structural
equations involve the average value of the policy instrument over T dates, rather than the
policy instrument at a single date. For instance, in the model of Rudebusch and Svensson
(1999) described in Section 3 (whose estimated version is Model 6), the IS equation involves the
term (1/4) Zi:l 14—k, which can be interpreted as an ex-post medium-term interest rate; as a
result, for any interest-rate rule, R(z) is a multiple of 333_, 2*, so R(—1) = R(—i) = R(i) = 0
and r¢ > 3. Fourth, and relatedly, R(z) is also a multiple of Zg;ol 2% with T > 2 when the
variable v; in the rule is an average over T dates — like, e.g., four-quarter average inflation in
Levin et al. (1999, 2003) and Levin and Williams (2003), or twelve-quarter average inflation in
Taylor and Williams (2011).

Systems with g¢ > 1, in monetary-policy contexts, typically obtain when the structural equations
involve the inflation rate but not the price level per se (as in Models 1-6), while the interest-rate
rule involves the price level but not the inflation rate (like Rules 4-5). In this case, the dynamic
equation has typically to be expressed in terms of the price level, not the inflation rate, and
Q(z) is then a multiple of 1 — z. In the basic New Keynesian model considered in Section 2,
for instance, we had Q(z) = 8 — (1 + B + k/0)z + 2% under Rule 1; under Rule 4, we have
Q(z)=[8—(1+B+r/0)z+ 2?](z — 1), and hence Q(1) = 0 and g¢ = 1.

In the following, I distinguish between three kinds of non-regular system: the systems with
gc = 0 and r¢ > 1, those with g¢ > 1 and r¢ = 0, and those with g¢ > 1 and r¢ > 1. 1
extend the analysis of Section 3 to each kind of non-regular system, and I illustrate the results
with determinacy-status figures for some of the thirty-six systems (selected for their illustrative
value). I focus again on positive values of ¢ in these figures, for consistency with the theoretical

and empirical literatures.

4.2 Systems with ¢¢c =0 and ro > 1

I start with the case in which g¢ = 0 and r¢ > 1. I have mentioned above four alternative
circumstances under which this case may arise; under two of them, we typically get, more
specifically, rc = 1 and R(1) = 0; so, I will pay particular attention to this subcase. I obtain

the following results:

Proposition 8 (Determinacy status, determinacy horizons, and Taylor principle for
systems with ¢¢c = 0 and r¢ > 1): Consider a model (4) and a variable vy such that gq¢ = 0
and r¢ > 1. Let ¢ := min,ec |Q(2)/R(2)|, h* := m+r —4, and h* := h* +r¢c. Then there exists
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é > 0 such that, under the rule iy = ¢By {viin} with (¢,h) € R x Z, Points (a) and (c)-(d) of

Proposition 5 still hold and:

(b1) Y|¢| > ¢, (i) Yh < h* — 1, S(¢,h) = E, (ii) Vh € {h*,...,h*}, S(¢,h) may depend on ¢
only through the sign of ¢, (iii) Vh > h* +1, S(¢,h) = M;

(b2) if re = 1 and R(1) = 0, then: (i) if Q(1)R'(1) > 0 then V¢ > ¢, (S(¢,h*), S(¢,h*)) =
(E,D) and (S(—¢,h*),S(—¢,h*)) = (D, M), (i) if Q(1)R'(1) < 0 then Yo > ¢, (S(¢, h*),
S(6, ) = (D, M) and (S(~, h*), S(~, ")) = (E, D).

In addition, Points (a)-(b) of Proposition 6 still hold and, if R(1) # 0 and ¢w > 0, Points

(a)-(b) and (e) of Proposition 7 still hold as well.

Proof: See Appendix A.10.

The determinacy-status results stated in Proposition 8 are diagrammatically summarized in
Figure 5. There are two changes relatively to Proposition 5 and Figure 3. First, ¢ is no longer
defined as max.ec |Q(2z)/R(2)|, since this maximum no longer exists (as R(z) has at least one
root on C). Proposition 8 does not provide any expression for the new ¢. To highlight this
change, I represent the horizontal line ¢ = ¢ as a dotted line in Figure 5, rather than a dashed
line (as in Figure 3). The second change is that for |¢| > ¢, the single horizon h* that led to
determinacy, in Point (b) of Proposition 5, has been replaced, in Points (b1)-(b2) of Proposition
8, by a range of 7¢ + 1 horizons {h*,...,h*} that may or may not lead to determinacy. As
|| — 400, some roots of P(z) converge to the r¢ roots of R(z) on C; some may converge from
inside C, others from outside; hence the range of horizons {h*, ..., h*} for which we may or may

not get determinacy.

Figure 5: Determinacy status for systems with ¢¢c = 0 and r¢ > 1

D Det. D Mult. I:I Expl. I:] Partially characterized in Prop. 8 D Not characterized in Prop. 8

As far as determinacy horizons are concerned, there is no change relatively to Proposition 6.
The reason is that whether the set Hp is bounded or not, either below or above, only depends
on the properties of the system for |¢| in the neighborhood of ¢, and these properties do not
depend on whether r¢ = 0 or ¢ > 1. Similarly, regarding the Taylor principle, Points (a)-(b)
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and (e) of Proposition 7 still hold because they only rest on the properties of the system for |¢|
lower than ¢ or in the neighborhood of ¢, and these properties do not depend on whether r¢ = 0
or r¢ > 1. Points (c)-(d) of Proposition 7, on the contrary, no longer hold. The reason is that
these points rest on the properties of the system for |¢| higher than ¢ or in the neighborhood of
¢, and these properties have changed. Instead of Points (c)-(d) of Proposition 7, we now have
that the Taylor principle is not sufficient for any h € Z\ {h*,...,h*} and that, if rc = 1 and
R(1) = 0, it is not sufficient either for h = h* (if Q(1)R'(1) > 0) or for h = h* (if Q(1)R'(1) < 0).
These results are not stated explicitly in Proposition 8, but follow straightforwardly from Points

(b1)-(b2) of this proposition.

Proposition 8 is illustrated in the bottom right panel of Figure 4 and the six panels of Figure
6. The latter figure shows the determinacy status for the systems (Model j, Rule 3) with
j €{1,...,6}. In all these seven panels, I do not draw any horizontal line ¢ = ¢ because I have

no expression for ¢; and I cannot feature ¢y because it does not exist (since R(1) = 0).

In the bottom right panel of Figure 4 and the top four panels of Figure 6, we have r¢ = 1
and R(1) = 0. So, Point (b2) of Proposition 8 applies, and there is a single horizon at which
determinacy obtains for a sufficiently high coefficient ¢. In the bottom left panel of Figure 6,
we have r¢ = 2 and we get a single such horizon too. In the bottom right panel, we have r¢ =5

and we get no such horizon.

Now consider the set of horizons delivering determinacy for at least one non-negative value of
the coefficient ¢: H}, := {h € Z|3¢ € R4, S(¢,h) = D}, which is a subset of Hp. In the bottom
right panels of Figures 4 and 6, this set is bounded below and above as a consequence of Points
(b)(i) and (b)(ii) of Proposition 6; the latter point applies because A, C C\ {—1,1} in these
panels. In the top two panels (resp. the bottom left panel) of Figure 6, HE is bounded above
(resp. below) as a result of Point (b)(i) of Proposition 6. We have A,,;, = {—1} in these panels,
so Point (b)(iii) of Proposition 6 applies, and Hj) is unbounded below (resp. above) — although
this result is not visible in some panels, due to their scale. In the middle two panels of Figure

6, the set HB is simply Z, as a result of Point (a) of Proposition 5.

Interestingly, there does not seem to be any determinacy region at all in the bottom right panel
of Figure 6. For this system, I get no apparent determinacy region also when the coefficient ¢
is negative (figure not shown). So, Rule 3 apparently fails to ensure determinacy for any ¢ € R

and any h € Z in the realm of Model 6. The same result obtains for Rule 2 (figure not shown).

4.3 Systems with g¢c > 1 and r¢ =0

I now turn to the case in which g¢ > 1 and r¢ = 0. In Subsection 4.1, I have mentioned only one
circumstance under which this case may arise; under this circumstance, we get more specifically
gc = 1 and Q(1) = 0; so, I will pay particular attention to this subcase. Let me first define

two new variables, ST and S, as follows: if there exists a function € : Z — Ry \ {0} such that
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Figure 6: Determinacy status for Models 1-6 and Rule 3

D Determinacy D Multiplicity l:l Explosiveness

S(¢, h) is constant on {(¢p,h)|h € Z,¢ € (0,e(h))} (resp. {(¢,h)|h € Z,¢ € (—e(h),0)}), then
ST (resp. S7) takes this constant value; otherwise, St (resp. S™) takes the value NA (for “not

available”). T can now state the results in the following way:

Proposition 9 (Determinacy status, determinacy horizons, and Taylor principle for
systems with gc > 1 and r¢ = 0): Consider a model (4) and a variable vy such that gc > 1 and
re = 0. Let ¢ := min.c¢ |Q(2)/R(2)| = 0 and ¢ := max,ec |Q(2)/R(z)|. Then, under the rule
it = QB¢ {vegn} with (¢, h) € R X Z, Points (b), (c)(i), (¢)(ii), (d)(i), and (d)(ii) of Proposition
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5 and Points (c)-(d) of Proposition 7 still hold. In addition, if ¢ =1 and Q(1) =0, then:

(el) if q <0 —2, then (ST,57) = (M, M);

(e2) if q=0—1 and Q' (1)R(1) > 0 (resp. <0), then (ST,57) = (D, M) (resp. (M,D));

(e3) if g =0 and Q'(1)R(1) > 0 (resp. <0), then (S*,S7) = (E,D) (resp. (D,E));

(ef) if g >3 +1, then (ST,57) = (E,E);

(e5) if g€ {0 — 1,6}, then Hp = 7Z;

(e6) (i) ow =0, (i) Vh € Z, the Taylor principle is locally necessary and sufficient for D if and
only if (q=0—1 and Q' (1)R(1) >0) or (¢q =0 and Q' (1)R(1) < 0).

Proof: See Appendix A.13.

Proposition 9 is partly summarized in diagrammatic form in Figure 7. The changes, relatively
to Proposition 5 and Figure 3, are due to the fact that now ¢ := min.cc |Q(2)/R(2)| = 0 (since
Q(z) has at least one root on C). So, the case in which |¢| < ¢ can no longer arise; moreover,

the properties of the system for |¢| just above ¢ are modified.

Figure 7: Determinacy status for systems with g¢ > 1 and r¢ =0

D Det. D Mult. I:I Expl. I:] Partially characterized in Prop. 9 D Not characterized in Prop. 9

Points (e5)-(e6) of Proposition 9, about the determinacy horizons and the Taylor principle, are
a straightforward consequence of Points (el)-(e4) of this proposition. In turn, the latter points
can be understood as follows. If g¢ = 1 and Q(1) = 0, then moving from ¢ = 0 to ¢ # 0
moves a root of P(z) from the point 1 on C to inside or outside C. So, we get determinacy if
we were missing one root inside C (i.e. ¢ = d — 1) and the root leaving C moves inside C (i.e.
Q' (1)R(1)¢ > 0), or if we had the right number of roots inside C (i.e. ¢ = J) and the root
leaving C moves outside C (i.e. Q' (1)R(1)¢ < 0). Alternatively, the determinacy status remains
multiplicity if ¢ < 6 — 2, and it remains explosiveness if ¢ > § + 1.

Iillustrate Proposition 9 with Figure 8. This figure shows the determinacy status for the systems
(Model j, Rule k) with j € {1,4,5} and k € {4,5}. Like previously, I focus on the pseudo half-

plane (h, ¢) € Z x R,. Unlike previously, however, I use a pseudo-log scale for ¢ on the vertical
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axis rather than a log scale, i.e. I use the scale log(1 + ¢) instead of log(¢), in order to display
the determinacy status in the neighborhood of ¢ = 0.

Figure 8: Determinacy status for Models 1 and 4-5 and Rules 4-5

D Determinacy D Multiplicity I:I Explosiveness

As reported in Table 3, we have g¢ > 1 and r¢ = 0 in all but one panel of Figure 8. The
exception is the bottom right panel, in which g¢ > 1 and r¢ > 1; I will study this case in the
next subsection. In the other panels of Figure 8, we have more specifically g¢ = 1 and Q(1) = 0,

so Points (el)-(e6) of Proposition 9 apply.

The top two panels of Figure 8 illustrate Points (e2) and (e5)-(e6) of Proposition 9: in these
two panels, we have ¢ = § — 1 and Q'(1)R(1) > 0, so we get determinacy for ¢ just above 0
(ST = D). Moreover, we get multiplicity for ¢ just below 0 (S~ = M, figure not shown). So,
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the Taylor principle is locally necessary and sufficient for determinacy in Model 1 under Rules
4-5.

The middle two panels of Figure 8 illustrate Point (e3) of Proposition 9: in these two panels,
we have ¢ = 6 and Q'(1)R(1) > 0, so we get explosiveness for ¢ just above 0 (ST = E).
Moreover, we get determinacy for ¢ just below 0 (S~ = D, figure not shown). So, the Taylor
principle is locally necessary and sufficient for explosiveness in Model 4 under Rules 4-5; and it

is locally necessary and sufficient for determinacy in the same model under the “opposite rules”
it = QE{ —prin} and ir = QE{ —prin — Yein -

Finally, the bottom left panel of Figure 8 illustrates Point (e4) of Proposition 9: in this panel, we
have ¢ > § + 1, so we get explosiveness for ¢ just above 0 (ST = F). We also get explosiveness
for ¢ just below 0 (S~ = F, figure not shown).

4.4 Systems with g0 > 1 and r¢ > 1

Finally, T consider systems with both g¢ > 1 and r¢ > 1. T restrict the analysis to the case
in which Q(z) and R(z) have no common root on C. In the alternative case, P(z) would have
at least one root on C for any (¢,h) € R x Z, so the determinacy-status analysis would be
inconclusive. In the light of the discussion in Subsection 4.1, it is anyway unclear how such a

case could arise in the first place.

1 obtain the following results:

Proposition 10 (Determinacy status, determinacy horizons, and Taylor principle for
systems with g¢c > 1 and r¢ > 1): Consider a model (4) and a variable v, such that gc > 1
and re > 1, with Q(z) and R(z) having no common root on C. Let ¢ := min.cc |Q(2)/R(z)| = 0.
Then there exists ¢ > 0 such that, under the rule iy = ¢y {viyp,} with (¢,h) € R x Z, Points
(c)(i), (c)(ii), (d)(i), and (d)(ii) of Proposition 5 and Points (b1)-(b2) of Proposition 8 still
hold. In addition, if ¢ =1 and Q(1) = 0, then Points (el)-(e6) of Proposition 9 still hold.

Proof: See Appendix A.14. B

Proposition 10 is essentially a mix of Propositions 8 and 9. It is partly summarized in diagram-
matic form in Figure 9, which is a mix of the top of Figure 5 and the bottom of Figure 7. In
Subsection 4.2, moving from r¢ = 0 to r¢ > 1 (and keeping g¢c = 0) affected the properties of
the system for |¢| higher than ¢ or in the neighborhood of ¢, not those for |¢| below ¢ or in
the neighborhood of ¢. In Subsection 4.3, on the contrary, moving from gc = 0 to g¢ > 1 (and
keeping rc = 0) affected the latter properties, not the former. In the current subsection, moving

jointly from g¢c = r¢ = 0 to g¢ > 1 and r¢ > 1 affects both types of properties.

Proposition 10 is illustrated in the bottom right panel of Figure 8 and the two panels of Figure
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Figure 9: Determinacy status for systems with ¢¢ > 1 and r¢ > 1

D Det. D Mult. I:I Expl. I:] Partially characterized in Prop. 10 D Not characterized in Prop. 10

10. The latter figure shows the determinacy status for the systems (Model 6, Rule 4) and (Model
6, Rule 5), again with a pseudo-log scale for ¢.

In these three panels, we have r¢ > 2, so Point (bl) of Proposition 8 applies, but not Point (b2).
More specifically, in the bottom right panel of Figure 8, we have r¢ = 2 and we get no horizon
at which determinacy obtains for a sufficiently high coefficient. In each panel of Figure 10, we

have r¢c = 3 and we get two such horizons.

In these three panels, we also have g¢ = 1 and Q(1) = 0, so Points (el)-(e6) of Proposition 9
apply. More specifically, these panels illustrate Point (e4) of Proposition 9: we have ¢ > § + 1,
so we get explosiveness for ¢ just above 0 (St = E). We also get explosiveness for ¢ just below

0 (ST = E, figure not shown).

Figure 10: Determinacy status for Model 6 and Rules 4-5

D Determinacy D Multiplicity I:I Explosiveness
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5 Extensions and discussion

In this section, I extend the results of the previous sections to rules involving several variables

and to inertial rules, and I discuss some possible applications of the results of the paper.

5.1 Extension to rules with several variables

I start with rules involving several variables. The rules I have considered so far were of type (5).
This type of rule involves a single variable v;, associated with a single coefficient ¢ and a single
horizon h (even though v; can itself be defined as a linear combination of several variables). I
now consider, in addition to v;, some variables (viy,...,v7¢) associated with some coefficients
(1,.,07) € (R\ {0})? and some horizons (hi,...,h;) € Z7, where J € N\ {0}. I show how
to address the same questions as previously, about the determinacy status, the determinacy
horizons, and the Taylor principle, still conditionally on the values of ¢ and h, but this time for

the rule J
it = QB¢ {vesn} + Z OBt { V)i, } (7)

j=1
instead of Rule (5). To do that, one can simply move the new term Z;-Izl ¢jE{vjt4n, } out of
the rule and into the structural equations, and then apply the previous results to the resulting
“structural equations” and Rule (5). The outcome will, of course, partly depend on the new
“structural equations.” In general, these equations may not lead to the same determinacy status
under a policy-instrument peg as the original structural equations. If (¢4, ..., ¢) are sufficiently
small, however, they will, and the values of ¢ and ¢ under Rule (7) will not be far away from
their values under Rule (5). In the following, I will be more specific, quantitatively speaking,

about what I mean by “sufficiently small” and “not far away.”

For any j € {1,...,J}, let m;, R;(2), and 9]‘ denote the counterparts of m, R(z), and ¢ for
variable v; ; instead of variable v;. Let g := max[0, max ey, . s3(hj—my)]. Tobtain the following

results:

Proposition 11 (Determinacy status, determinacy horizons, and Taylor principle
under a rule with several variables): Consider a model (4), some variables (vi, v, ...,V4),
some coefficients (¢, ¢1,...,¢7) € R x (R\ {0})7, and some horizons (h,hy,...,h;) € Z7H1,
where J € N\ {0}. Then, Propositions 5-10 still hold for Rule (7) instead of Rule (5), if 0,
m, and Q(z) are respectively replaced by 6 + g, m + g, and 29(Q(z) + ijl ¢iR;j(2)z™i "] in
these propositions. In addition, if the system composed of Model (4) and Rule (5) is regular and
ijl |os] /QJ < 1, then, as we move from Rule (5) to Rule (7):

(a) the system remains reqular and the determinacy status for ¢ = 0 is unchanged;

(b) ¢ is multiplied by a factor not lower than 1 — Z;]:l ;] /éj_}.

(c) ¢ is multiplied by a factor not higher than 1 + Z‘jjzl |05 /@j
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Proof: See Appendix A.15. B

The condition Z}le &5 /QJ < 1, in this proposition, characterizes the size of a neighborhood
of (¢1,...,07) = (0, ...,0) within which the determinacy-status results are similar under Rule (5)
and under Rule (7), in the sense that these results are described by the same panel of Figure 3
under the two rules (Point (a) of Proposition 11). Under this condition, moreover, the values
of ¢ and ¢ under Rule (7) lie in a neighborhood of their values under Rule (5); the size of this
neighborhood is specified in Points (b)-(c¢) of Proposition 11.

5.2 Extension to inertial rules

I now turn to inertial rules, i.e. rules making the current policy instrument react to its past

values in addition to a variable at horizon h with coefficient ¢:

p(L)iy = PE¢ {veqn}, (8)

where ¢ € R, h € Z, and p(z) € R|[z] with p(0) # 0. T obtain the following proposition:

Proposition 12 (Determinacy status, determinacy horizons, and Taylor principle
under an inertial rule): Consider a model (4) and a variable vi. Then, Propositions 5-10
still hold for Rule (8) instead of Rule (5) and for ¢ # 0, if Q(z) is replaced by Q(2)p(2) in these

propositions.
Proof: See Appendix A.16. B

In essence, this proposition says that adding some inertia to a rule (i.e. replacing i; by p(L)i;

in the rule) simply amounts to adding the same inertia to the dynamic system under a policy-

instrument peg (i.e. replacing Q(z) by Q(2)p(z)).

Consider, for instance, a regular system with a non-inertial rule, and add some inertia to the
rule (i.e. replace iy by p(L)i; in the rule). I distinguish between three alternative cases. First,
p(z) may have all its roots outside C. In this case, the new system is also regular, ¢ — § does not
change, and the determinacy status under the new rule is diagrammatically represented by the
same panel of Figure 3 as the determinacy status under the original rule. Second, p(z) may have
at least one root inside C (i.e. the new rule may be “superinertial” in the sense of Woodford,
2003, Chapter 8, and Giannoni and Woodford, 2002), while still having no root on C. In that
case, ¢ — 0 increases by the number of inside roots of p(z), and we may move from the left panel
of Figure 3 to its middle or right panel, or from its middle panel to its right panel. Third, p(z)
may have at least one root on C. In that case, g¢ increases by the number of roots of p(z) on

C; so, the new system is non-regular, and we move from a panel of Figure 3 to Figure 7. In
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particular, when p(z) = 1 — z (i.e. when the new rule is a “first-difference rule”), we get g¢c = 1

and Q(1) = 0; so, Points (el)-(e6) of Proposition 9 apply.

Proposition 12 can be used to design a rule that makes the set of determinacy horizons Hp
unbounded below and above in models with ¢ < § — 1. In these models, under the non-inertial
rule (5), Hp is bounded above (as shown in Point (b)(i) of Proposition 6) and may be bounded
below (as shown in Point (b)(ii) of Proposition 6) if the system is regular. To enlarge Hp (for
instance, in order to ensure determinacy in the presence of inside lags), the policymaker can
adopt a superinertial rule (8) with exactly § — ¢ roots of p(z) inside C. Replacing Rule (5) with
this rule moves us from the left to the middle panel of Figure 3, and makes Hp unbounded below
and above. Thus, with a degree of superinertia equal to the dimension of multiplicity under a peg
(6 — q) and with a sufficiently small coefficient ¢ in absolute value, Rule (8) ensures determinacy
for any horizon h. This result echoes, and sheds light on, a result obtained by Woodford (2003,
Chapter 8) and Giannoni and Woodford (2002, 2003, 2005) about the degree of superinertia of
their “robustly optimal rules,” which they find is equal to the degree of multiplicity under a peg.

Alternatively, for models with ¢ > §, Proposition 12 implies that any superinertial rule with a
sufficiently small coefficient ¢ in absolute value will necessarily lead to explosiveness (again, if
the system is regular). In effect, replacing the non-inertial rule (5) with a superinertial rule (8)
moves us from the middle to the right panel of Figure 3 (for a model with ¢ = §), or keeps us
in the right panel of Figure 3 (for a model with ¢ > § + 1). This result offers an explanation
for the propensity of superinertial rules to generate explosiveness in backward-looking models
(Rudebusch and Svensson, 1999, and Levin and Williams, 2003).

5.3 Discussion about applications

I now briefly discuss four different ways to apply the results I have established in this paper.

First, the results can be used to shed light on the determinacy implications, in a broad class of
models, of a given specific policy. Consider, for example, the average-inflation-targeting strategy
adopted by the Federal Reserve in 2020. There are at least two different ways to interpret and
formalize this strategy (see, e.g., Arias et al., 2020, and Mester, 2021). One way is to consider
a rule making the interest rate react to the average of inflation over several dates, e.g. Rule
(5) with v; = Y1 7k, where K € N\ {0} (as long as the zero lower bound on nominal
interest rates is not binding, of course). Under this rule, R(z) is a multiple of ZkK:o 2F so
re > K > 1; therefore, in any model with g¢ = 0, the determinacy status, as a function of ¢

and h, is characterized by Proposition 8 and Figure 5.

Another way to interpret and formalize this strategy is to consider a rule making the interest
rate react to the price level, e.g. Rule (5) with v; = p; (again, as long as the zero lower bound on
nominal interest rates is not binding). Under that rule, in any model that involves the inflation

rate but not the price level per se, we have g¢ > 1; so, the determinacy status is characterized
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by Proposition 9 and Figure 7, or by Proposition 10 and Figure 9. Thus, the determinacy
implications of these two alternative rules — the one involving average inflation, and the other
involving the price level — are qualitatively different, at least for |¢| sufficiently small or large. As
Proposition 12 implies, moreover, this conclusion is unchanged when the two rules are inertial,

i.e. when they are of type (8) instead of (5), provided that p(z) has no roots on C.

Second, my general results provide guidelines for finding rules with robust determinacy properties
across alternative models. For example, if a variable vy leads to r¢ = 0 in all the models
considered and to the same h* across these models, then Rule (5) with h = h* and |¢| sufficiently
large will deliver determinacy in all the models (Propositions 5 and 9). As another example,
a Wicksellian rule with a sufficiently small positive coefficient ¢ on the price level, regardless
of the horizon h, will deliver determinacy in all the models that: (i) involve the inflation rate
but not the price level per se, and (ii) are such that (¢ = 3§ — 1 and Q'(1)R(1) > 0) or (¢ = ¢
and Q'(1)R(1) < 0) (Propositions 9-10). As still another example, if all the models considered
share the same negative value of ¢ — ¢ and are such that gc = 0, then an inertial rule (8) with
exactly 0 — ¢ roots of p(z) inside C and with |¢| sufficiently small will deliver determinacy in all

the models (Proposition 12).

Research on the robustness of interest-rate rules across alternative monetary-policy models has,
over the past ten years, benefited from the development of a Macroeconomic Model Data Base
(MMB) described in Wieland et al. (2012, 2016). The MMB Team (2022) writes that “there is
no hard guideline for determinacy” and refers to Levin et al. (2003) for a suggestion of several
characteristics of rules that deliver determinacy. Among these characteristics, which Levin et al.
(2003) identify numerically using five calibrated models, are “a relatively short inflation forecast

horizon” and “a moderate degree of responsiveness to the inflation forecast.”

Since the five models considered in Levin et al. (2003) are such that ¢ < §—1, Propositions 5 and
12 offer an explanation of these two characteristics: for h > h* + 1, two necessary conditions for
determinacy are that h should be sufficiently small and that |¢| should be between ¢ and é, no
matter whether the rule is non-inertial or inertial (provided that p(z) has no roots inside or on C).
Moreover, these propositions show that these two characteristics, qualitatively speaking, remain
necessary for determinacy for a broad range of model calibrations (not just the ones considered
in Levin et al., 2003), a broad class of models (not just the five models they consider), and a
broad class of variables in the rule (not just inflation) — in essence, for all the calibrated models

such that ¢ < § — 1, and all the variables v; that make the system regular.

Like the five models considered in Levin et al. (2003), most of the models in the current MMB
version (3.1) are such that ¢ < §—1, i.e. most of them deliver multiplicity under an interest-rate
peg. Table 4 reports the distribution of ¢ — ¢ across the 140 rational-expectations models in the
base: 90% of these models are, more specifically, such that ¢ = § — 1. Computing the thresholds

?, &, h*, and h** for various models in the base and various variables in the rule could be helpful
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in the quest for a robust rule.

Table 4: Distribution of ¢ — § in the Macroeconomic Model Data Base 3.1

Value of ¢ — § 2 -1 0 1

Number of models 4 126 4 6

Third, although I have illustrated my results only with monetary-policy models, these results
can be applied to any stabilization policy, like fiscal policy for instance. Fiscal-policy models
may, however, raise a specific difficulty related to Blanchard and Kahn’s (1980) no-decoupling
condition, which T discuss in Loisel (2021a). More specifically, when the tax-rate rule does not
involve the debt level, the log-linearized dynamic system may have a block-recursive structure
in which the debt level is residually determined and explodes over time (at a rate equal to
the steady-state real interest rate), while we may get determinacy or multiplicity for the other
variables. This difficulty disappears, i.e. the no-decoupling condition is met, as soon as the
tax-rate rule involves the debt level. So, my results can be applied to such models as long as

the variable v; in the rule is the debt level, and the coefficient ¢ on this variable is non-zero.

Fourth and last, I have so far considered the variable i; as the policy instrument, and focused
on policy-instrument rules. However, nothing prevents us from interpreting i; as yet another
endogenous variable set by the private sector, instead of a policy instrument. So, the results
obtained could be applied to “targeting rules,” instead of policy-instrument rules. They could also
be applied to structural equations (which describe the behavior of the private sector), instead
of targeting rules or policy-instrument rules (which describe the behavior of a policymaker).
For instance, in a monetary-policy model, the results could be used to find conditions on the
structural parameters for the model to deliver determinacy under an interest-rate peg, in order

to solve New Keynesian puzzles and paradoxes at the zero lower bound.

6 Conclusion

This paper has established some simple, necessary or sufficient conditions for determinacy in a
broad class of dynamic rational-expectations models that arguably includes, in particular, most
existing dynamic stochastic general-equilibrium (DSGE) models. These determinacy conditions
are directly about the coefficients and horizons of the policy-instrument rule, and lead to new,
general principles for stabilization policy. In so doing, the paper has provided new insights into
why a given rule does or does not deliver determinacy in a given model; it has shed light on
various determinacy or indeterminacy results obtained in the literature and sparsely distributed
across models and rules; and it has provided some first hard guidelines for finding rules with
robust determinacy properties across alternative models. The results can be applied to monetary

policy, fiscal policy, or any other stabilization policy; I have used them, for instance, to highlight
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the different determinacy implications, in a broad class of models, of different ways to implement

the average-inflation-targeting strategy adopted by the Federal Reserve in 2020. Overall, the

paper thus opens new horizons for the study of stabilization policy, and paves the way for new

qualitative or quantitative research.
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Appendix
A.1 Proof of Points (c)-(d) of Proposition 1

Point (c). For h > 2, we have v = h and
P() = Q)2 + 2,
o

Let z, denote the root of Q(z) in (1,+o00), with the subscript “o” standing for “outside C.”
Consider a Jordan curve J, surrounding z, and not intersecting nor surrounding C. I apply
Rouché’s theorem to J = J,, Py(2) = Q(2)z"~%, and Ps(z) = ¢ /0. For any |¢| € (¢, ), any

log () — log (minzeg, |Q (2))

log (minzez, [2])

h>h:=2+max{0,

and any z € J,, we have

~\ ~h—2 . ~ . ~ h=2 gE,‘-ﬁ
@)= (winQ@)) (minlel) = 2>

h—2 :
)Q(z)z > min .

zeJo

)
g

where the last but one inequality follows from the definition of k. So, Rouché’s theorem implies
that P(z) has the same number of roots inside 7, as Q(z)z"~2. The latter polynomial has
exactly one root inside J,, which is z,. Therefore, P(z) has also exactly one root inside J,, and
hence at least one root outside C. Since the degree of P(z) is h, we thus get p < h—1< h=v,
and consequently S(¢,h) = M for any |¢| € (¢, ) and any h > h.

Point (d). For h <2, we have v = 2 and

P(z) =Q(z) + @22_".

g

I proceed in four steps. In the first step, I show that for any given |¢| € (9, ), all but one root
of P(z) converge uniformly to C as h — —oo. I get this result by applying Rouché’s theorem
twice. Consider an arbitrary € € (0,1 — z;), where z; denotes the root of Q(z) in (0,1), with

W
1

the subscript standing for “inside C.” For any r € Ry, let C, denote the circle of radius r
centered at the origin of the complex plane (so that in particular C; = C). I first apply Rouché’s

theorem to J = Ci—¢, Py(2) = Q(2), and Ps(z) = (¢r/0)z>~". For any |¢| € (¢,¢), any

log (minzec, . |Q ()[) — log <%>
—log (1 —¢) ’

h<h;_.,:=2+min< 0,

and any z € Cy_., we have

K
P 2n
g

Y

Q)= min Q)= L@t s Wrq g
ZGlee g g

where the second inequality follows from the definition of h;_,. So, Rouché’s theorem implies

that P(z) has the same number of roots inside C;_, as (z). The latter polynomial has exactly
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one root inside C;_., which is z;. Therefore, P(z) has also exactly one root inside C;_ for any
4] € (¢, ¢) and any h < hy_.

I then apply Rouché’s theorem to J = Cii¢, Py(2) = (¢pr/0)z>", and Py(z) = Q(z). For any
6] € (¢, 9), any

log (%K) — log (maxzec, ,, |Q (2)])
log (1 +¢) ’

h<hy  :=2+minq0,

and any z € Ci4e, we have

@2241 _ 9| &
g g

O > max 1Q(3)] 2 Q)]

(14> "> =
o Z€Ci4e

where the last but one inequality follows from the definition of hy,.. So, Rouché’s theorem
implies that P(z) has the same number of roots inside C1 . as (¢ /0)2>~". Therefore, P(z) has
exactly 2 — h roots inside C1 4, for any h < hy .. Since the degree of P(z) is 2 —h when h <0,
we eventually get that for any |¢| € (¢, ¢) and any h < min (0, h;_, ki), all but one root of
P(z) lie between C;—_ and Ci4.. We conclude that for any given |¢| € (¢, ¢), all but one root of

P(z) converge uniformly to C as h — —o0.

In the second step, I show that for any given |¢| € (¢, ¢), the roots of P(z) uniformly converging
to C as h — —oo converge in distribution to the uniform distribution on C. This result is a

direct consequence of the following theorem:

Theorem 2 (Erdés and Turan, 1950): Let P(z) = Zizoﬁkzk € Clz] with popg # 0. Let
or € 10,2m) for 1 < k < d denote the angular coordinates of the roots of P(z) For any
0<a<a<l2nr,

_ d
_ 1

#{kE{an@ﬁ1<@k<fﬂ_'<a a)d’<16 dlog —— > lpnl |-
2 |Popal k=0

Proof: See Erdgs and Turan (1950). W

T apply this theorem to P(z) = P(z). For P(z) = P(z) and h < —1, we have

d
}: 2(1+8)+ u+¢y

15 pal 125
So, the Erdgs-Turdn theorem straightforwardly implies, together with the result of the previous

step, that all but one root of P(z) uniformly converge in distribution to the uniform distribution

on C as h — —oo, for any given |¢| € (¢, ¢).

In the third step, I show that the number of roots of P(z) inside C grows unboundedly as
h — —oo, for any given |¢| € (¢, ®). Since |¢| > ¢, there exists an arc A of C such that Vz € A,
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|p| /o > |Q(z)|. For any r € Ry, let A, denote the image of A under the homothety whose
center is the origin of the complex plane and whose ratio is r (so that in particular A; = A). By
continuity, there exists ¢ € (0,1) such that |¢|k/o > |Q(2)| for all z on the Jordan curve Jj4.
made of A, Aj4e, and the two radial line segments joining the endpoints of A and A;i. (see
Figure A.1). I apply Rouché’s theorem to J = Jiie, Po(2) = (¢r/0)22 ", and Py(z) = Q(z).
For any h < 2 and any z € Jy1¢, we have

So, Rouché’s theorem implies that P(z) has the same number of roots inside Ji 4. as (¢r /)22~ ".
Therefore, P(z) has no roots inside J14. for any h < 2. Using the results of the first two steps,
we get that the number of roots of P(z) inside the Jordan curve J;_. made of A;_., A, and the
two radial line segments joining the endpoints of A;_. and A, grows unboundedly as h — —o0.
As a result, p grows unboundedly as h — —oo. Thus, there exists h (|¢|) such that p > 2 =v
and S(¢,h) = E for all h < h(|¢]).

Figure A.1: Roots of P(z) as h — —o0

Jite

Ji-e A X X
,/"x d
fx X/
X X/

roots of P(z)

In the fourth step, I just note that for any € € (0,¢ — ¢) and any |¢| € (¢ + ¢, ¢), there exists,
by continuity, () > 0 such that the arc A can be chosen of length higher than ¢(¢). As a result,
h(|¢]) can be chosen a bounded function of |¢| for |¢] € (¢ + €, ).

A.2 Determination of ¢ and ¢ in the basic New Keyn. model under Rule 1

For any z € C, we have
QI =[8-(1+8+2)z+22 < B+ (14 8+ 2 el + 2P =201+ 8) + =,
o o o

with equality only for z = —1. Therefore, argmax,cc |Q(2)| = {—1}, max,cc |Q(2)| =2 (1 + )+

k/o, and

6= "max|Q(:)| = 1+2(1+8) .
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For any z = a +ib € C, where (a,b) € [~1,1]? and a® + b* = 1, some simple algebra leads to
Q(2)I* = Ti(a), where

Ti(a) = 48a% — 2 (1 + B) (1+ﬁ—|—g)a—|— [(1—5)2+(1+6+§)Q].

For any a € [~1,1], we have T{(a) < T{(1) = —2(1 — 8)?2 — 2(1 + B)x/o < 0. So, Ti(a) is
decreasing in a over [—1,1]. Therefore, argmin,e|_1 1) T1(a) = {1}, argmin.ec |Q(2)| = {1},

min,ec |Q(z)| = k/o, and

A.3 Determination of ¢ and ¢ in the basic New Keyn. model under Rule 2

For any z = a + ib € C, where (a,b) € [~1,1]? and a? + b = 1, some simple algebra leads to
1Q(2)/ (z = B)]> = Ta(a) := T1(a)/(1 + 8% — 2Ba), where T (a) is defined in Appendix A.2. We
have Ty(a) = Ts(a)/(1 + B2 — 2Ba)?, where

T3(a) := —8B%a* 4+ 88 (1 + [5’2) a+2n

with
0= [(1—5)%(1+ﬁ+§)2]5—(1+6)(1+52) <1+,8+§).

For any a € [—1,1], we have T4(a) > T4(1) = 88(1 — 8)? > 0. So, T3(a) is increasing in a over
[—1,1]. There are, therefore, three possible alternative cases: (i) T3(—1) > 0, (ii) T3(—1) < 0 <
T3(1), and (iii) 753(1) < 0. In Case (i), T2(a) is increasing in a over [—1,1]; in Case (ii), T2(a) is
first decreasing and then increasing in a over [—1, 1]; and in Case (iii), T>(a) is decreasing in a over
[—1,1]. In all three cases, argmax,e[—1,1) T2(a) C {—1,1}, hence argmax.ec |Q(2)/ (2 — B)| C
{-=1,1}, and therefore

Qz)| K K
" max<1_5,20+1+5).

The double inequality T3(—1) < 0 < T3(1) is equivalent to

h := o max
¢ zeC

In—48%] <48 (1 + 5?). (A1)

If Condition (A.1) is not met, then we are in Case (i) or (iii), so argmin,e[_q1)72(a) C
{—1,1}, and therefore argmin,cc |Q(z)/ (z — )| C {—1,1}. Alternatively, if Condition (A.1)
is met, then we are in Case (ii), so argminge(_11)72(a) = {a*}, where a* := [(1 + ?) —

(14 82)2 +n]/(2B) is the root of T3(a) in [—1, 1], and therefore arg min,c¢ |Q(2)/ (z — B)| =
{a* —iv/1 —a*?,a* +iv/1 — a*?}. As a consequence,

(A1) = ¢=omin fﬁ% =;B\/(1+ﬁ>§(15)2+2 (1+ 5%+,
S N
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A.4 Proof of Proposition 3

The equality ¢w = ¢ stated in Proposition 3 straightforwardly follows from ¢y := 1 (as
explained in the main text) and ¢ = 1 (as shown in Appendix A.2).

Points (b) and (d). Point (b) of Proposition 3 straightforwardly follows from the definition
of Hp. The “if” part of Point (d) of Proposition 3 is a very well known result whose proof can
be found in, e.g., Woodford (2003, Chapter 4). The “only if” part of Point (d) of Proposition 3
straightforwardly follows from Point (b) of Proposition 1.

Point (c). I start by rewriting P(z) as a function of two variables: P(¢, z) := Q(z)z™x(0:h—2)
(pr)0)z™2x(02=h) \where (¢, z) € R x C. Simple algebra leads to P(1,1) = 0 and P/dz(1,1) =
1— B84 (1—h)k/o. This last expression is generically non-zero (it can be zero only if (1—f)o/k
is an integer, and I ignore this zero-measure case). So, one root of the polynomial 15(1,2) is
1, and this root is of multiplicity one. The implicit-function theorem implies the existence of a
continuously differentiable function ¢ — Z(¢) such that one real root of P(z) can be written as
Z(¢) in the neighborhood of ¢ = 1, with Z(1) = 1 and

92,1y h—[1+(1-p)g]
For any h € {h € Z|h < 1+ (1 — B)o/k}, we have Z'(1) < 0, and therefore the root of P(2)

goes from outside to inside C as ¢ crosses 1 from below. It is the only root that crosses C as ¢

Z'(1) =

goes through 1. Indeed, any root z € C having this property must satisfy ]5(1, z) = 0, which
implies |Q(z)| = k/o and hence z = 1 (since minzec |Q(2)| = /0 and argminzec |Q(2)| = {1},
as shown in Appendix A.2). So, the number of roots of P(z) inside C increases by exactly one as
¢ crosses 1 from below. We know from Subsection 2.2 that this number is p = max(1,h—1) < v
for ¢ just below ¢ = 1 = ¢y. Therefore, we have p = max(2,h) = v for ¢ just above
¢ =1 = ¢w. As a result, the determinacy status moves from M to D as ¢ crosses 1 from
below. Thus, the Taylor principle is locally necessary and sufficient for determinacy for any
he{heZlh<1+(1—-p)o/k}.

Point (a). The result just above straightforwardly implies that {h € Z|h <1+ (1 — B)o/k} C
Hp. To prove the reverse inclusion, I first show that P’(z) has a real root higher than 1 for any
h>1+(1-pB)o/k. fh=2>1+(1—8)o/k, then P'(2) = —(14 8+ r/c)+ 2z, the unique root
of P'(z)is (14 8+k/c)/2, and this root is indeed higher than 1. If h > 3 and h > 1+ (1—3)0/x,
then P'(z) = 2" 3Ty (z), where Ty(z) := B(h —2) — (1 + B+ x/0)(h — 1)z + hz?; moreover, we
have Ty(1) = —(k/o)h+1— [+ K/o < 0 and lim,cr .4 00 Tu(2) = 400; therefore, Ty(z) has a
real root above 1, and so has P’(z). I then use the Gauss-Lucas theorem (first proved by Lucas,

1879, but used earlier by Gauss):

Theorem 3 (Gauss-Lucas theorem): For any non-constant P(z) € C[z], all the roots of
P'(z) belong to the convez hull of the set of roots of P(z).
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Proof: See Henrici (1988, Pages 463-464). W

Applied to P(z) = P(z), this theorem implies that if P’(z) has a real root higher than 1, then
P(z) has at least one root outside C. So, for any h > 1+ (1 — )0/ and any ¢ € R, P(z) has at
least one root outside C, which implies p < dp = max(2,h) = v (where dp denotes the degree
of P(z)), and hence S(¢,h) = M.} Asaresult, Hp = {h € Z|h <1+ (1 — B)o/k}.

A.5 Proof of Proposition 4

Points (a) and (c¢)-(d). Points (a) and (¢) of Proposition 4 straightforwardly follow from,
respectively, Point (c) of Proposition 2 and the definition of Hp. The “if” part of Point (d) of
Proposition 4 is a very well known result whose proof can be found in, e.g., Woodford (2003,
Chapter 4). The “only if” part of Point (d) of Proposition 4 straightforwardly follows from Point
(b) of Proposition 2.

Point (e). We have ¢y := x/(1 — 8) and, as shown in Appendix A.3, ¢ = max[x/(1 — 3),20 +
k/(1+ B)]. So, we get ¢y = ¢ if and only if x/(1 — 8) > 20 + x/(1 + B), that is to say if and
only if k/o > (1+3)(1— )?/B. This result corresponds to Point (e)(i) of Proposition 4. Points
(e)(ii)-(iv) of Proposition 4 straightforwardly follow from Point (b) of Proposition 2.

Point (f). The condition stated in this point is equivalent to the condition T5(1) < 0 in
Appendix A.3. T have shown in Appendix A.3 that A,,;, := argmin.cc |Q(2)/(z — 5)| = {1}
and ¢ = /(1 — ) if this condition is met, and that 1 ¢ Ay, and ¢ # x/(1— ) if this condition
is not met. This result, together with ¢y := k/(1—/3), corresponds to Point (f)(i) of Proposition
4.

The proof of Point (f)(ii) of Proposition 4 is similar to the proof of Point (c¢) of Proposition 3 in
Appendix A 4. I rewrite again P(z) as a function of two variables: P(¢, z) 1= Q(z)z™x(0:h—1) 4
(¢/0)(z — B)z™x(01=h) " \where (¢,z) € R x C. Simple algebra leads to P(¢w,1) = 0 and
OP/0z(¢pw,1) =1 — B+ [1/(1 — ) — h]k/o. This last expression is generically non-zero (it can
be zero only if 1/(1— )+ (1—)o/k is an integer, and I ignore this zero-measure case). So, one
root of the polynomial P(¢yy, z) is 1, and this root is of multiplicity one. The implicit-function
theorem implies the existence of a continuously differentiable function ¢ — Z(¢) such that one
real root of P(z) can be written as Z(¢) in the neighborhood of ¢ = ¢y, with Z(éw) = 1 and

_op 1
Z(ow) = 220D _ -

Eow. D)  h-[ds+a-8%

This root of P(z) crosses C at point 1 as ¢ goes through ¢yy. It is the only root that crosses C
as ¢ goes through ¢y. Indeed, any root z € C having this property must satisfy P(d)w, z) =0,

'"More generally, throughout the Appendix, for any T(z) € R[z], dr denotes the degree of T(2).
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which implies |Q(z2)/(z — 8)| = k/[(1 — B)o] and hence z = 1 (since minzec |Q(2)/(Z — B)| =
k/[(1—p)o] and argminzec |Q(2)/(Z — B)| = {1}, as follows from the analysis in Appendix A.3).

For any h < 1/(1 — ) + (1 — B)o/k, we have Z'(¢w) < 0, and therefore the root of P(z) goes
from outside to inside C as ¢ crosses ¢y from below. So, the number of roots of P(z) inside C
increases by exactly one, from p = max(1,h—1) < v to p = max(2, h) = v, and the determinacy
status moves from M to D, as ¢ crosses ¢y from below. Thus, the Taylor principle is locally
necessary and sufficient for determinacy for any h < 1/(1 — ) + (1 — B)o/k. Alternatively,
for h > 1/(1 —B) + (1 — B)o/k, we have Z'(¢pw) > 0; as ¢ crosses ¢ from below, therefore,
the root of P(z) goes this time from inside to outside C, and the determinacy status remains

M. Thus, the Taylor principle is not locally necessary and sufficient for determinacy for any
h>1/(1-8)+(1-pB)o/k.

Point (b). The condition stated in this point is the same as Condition (A.1) in Appendix
A.3. I have shown in Appendix A.3 that A, C C\ {—1,1} if this condition is met, and that
Apin C {—1,1} if this condition is not met.

Suppose first that this condition is met, and hence that A, C C\ {—1,1}. Then, |Q(2)| >
(¢/0) |z — B| for z € {=1,1}. So, by continuity, there exist € € (0,¢ — ¢) and two open arcs
A and A’ of C such that: (i) 1 € A, (ii)) —1 € A’, and (iii) V|p| € (¢, ¢ +¢€), V2 € AU A
|Q(2)] > (|¢] /o) |z — B]. For any r € Ry, let A, and A, denote respectively the images of A
and A’ under the homothety whose center is the origin of the complex plane and whose ratio
is 7 (so that in particular A; = A and A} = A’). In addition, for any r € Ry \ {0}, let J,
(resp. J/) denote the Jordan curve made of A (resp. A’), A, (resp. A..), and the two radial line
segments joining the endpoints of A (resp. A’) and A, (resp. A!). By continuity, there exists
€ € (0,1 — 2) such that V|¢| € (¢,¢ +¢), Vh < 1,Vz € J1_. UJ|_, (see Figure A.2),

|¢| ‘¢ h|

QI > 2|z - ) 2

Figure A.2: Jordan curves J;_. and J{_,

N
N
< g -
- Cie
“ \
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~hand (alternatively)
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Ji—e and J{__, I obtain that V|¢| € (¢, ¢ + €), Vh < 1, P(2) has no root inside J1_. and no
root inside J{__. Therefore, P(z) has no real root between C;_. and C. Now, we know from
Appendix A.1 that there exists hy_. € Z such that V|¢| € (¢, $), Vh < hy_., P(z) has exactly
one root inside C;_.. As a result, V|¢| € (¢,¢ +€), Vh < min(1,hy__), P(2) has exactly one
real root inside C, and therefore an odd number p of roots inside C. Since there are v = 2
non-predetermined variables for any h < 1, we have p # v, and hence S(¢,h) # D, for all
|¢| € (¢,¢ +¢€) and all h < min(1,h; ). Together with Point (d) of Proposition 2, this result
implies that Hp is bounded below.

Now suppose alternatively that the condition stated in Point (b) of Proposition 4 is not met,
and hence that either n — 44% < —473 (1 —1—62), or n — 4% > 4p (1 + 62). In the first case,
Point (f) of Proposition 4 implies that Hp is unbounded below. In the second case, we have
Amin = {—1} and ¢ = 20 + £/(1 + B) (as follows from the analysis in Appendix A.3). For
any negative and odd integer h, simple algebra leads to P(Q, —1) = 0 and 8]5/62@, -1) =
1+ B8+ k/[(1+ B)o] —[2(1 + B) + k/o]h. This last expression is generically non-zero. So, one
root of the polynomial 15(@, z) is —1, and this root is of multiplicity one. The implicit-function
theorem implies the existence of a continuously differentiable function ¢ — Z(¢) such that one
real root of P(z) can be written as Z(¢) in the neighborhood of ¢ = ¢, with Z(¢) = —1 and

\w

98 (g, 1) 149
0P (p 1) L+B+ gl — 20+ 8) +E]R

Z'(¢) =

Q’\w S

For any negative and odd integer h, we have Z'(¢) > 0, and therefore the root of P(z) goes
from outside to inside C as ¢ crosses ¢ from below. It is the only root that crosses C as ¢
goes through ¢. Indeed, any root z € C having this property must satisfy P(Q, z) = 0, which
implies |Q(2)/(z — B)] = 2+ k/[(1 + B)o] and hence z = —1 (since minzec |Q(2)/(Z — B)| =
2+k/[(1+p)o] and arg minzec |Q(2)/(Z — B)| = {—1}, as follows from the analysis in Appendix
A.3). So, the number of roots of P(z) inside C increases by exactly one, from p = 1 < v to
p = 2 = v, and the determinacy status moves from M to D, as ¢ crosses ¢y from below. For
any negative and odd integer h, thus, we get determinacy for ¢ just above ¢. As a consequence,

Hp is unbounded below.

A.6 Proof of Lemma 1

I start with the case of a policy-instrument peg (¢ = 0). In this case, the dynamic system boils
down to E{A(L71)A(L)X;} = 0. The characteristic polynomial of this system is the same as
the characteristic polynomial of the corresponding perfect-foresight system. The latter system
is A(L)X; = 0. Since det[A(0)] # 0, using a standard result in time-series analysis (see, e.g.,
Hamilton, 1994, Proposition 10.1, Page 259), I get that P(z), the reciprocal polynomial of this
characteristic polynomial, is equal to Q(z) := det[A(z)].

Since det[A(0)] # 0, the dynamic system can be rewritten as E;{A(L~1)A(L)X;} = 0, where
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A(z) == A(2)[A(0)]7" and X; := A(0)X;. Let X,; denote the j element of X; for j €
{1,...,n}. The non-predetermined variables of the system are the variables E,{X jt+k; + for all
j€{1,...,n} such that §; > 1 and all k; € {1,...,0;}. Their number, v, is equal to 0 := 2?21 J;.
I now turn to the case in which ¢ # 0. In this case, the characteristic polynomial of the dynamic
system is still the same as the characteristic polynomial of the corresponding perfect-foresight
system, but the latter system is now
A(L) L=7"B(L) Xe | 0
—¢pL™"V (L) 1 7
Except possibly for a zero-measure set of values of ¢, I can use the same standard result in time-
series analysis as above. T get that there exists k € Z such that P(z), the reciprocal polynomial

of the characteristic polynomial, is

P(z) = 2" det [ Al ZTBG) ] .

¢z "V (2) 1

Using the Laplace expansion and the notations introduced in the main text, I rewrite P(z) as
P(z) = 2*{det[A(2)] — ¢z 7" (2)} = 2¥[Q(2) + ¢2™"R(z)]. As a reciprocal polynomial,
P(z) is such that P(0) # 0; moreover, we have Q(0) # 0 and R(0) # 0; as a consequence, we
get k = max(0, h —m), and thus P(z) = Q(z)z™x(0h=m) 4 g R(z)zmax(0m=h)

The number of non-predetermined variables, v, is equal to § when h is lower than or equal to
a certain threshold, and it increases one-for-one with h when h is higher than this threshold.
This threshold is equal to the highest value of A for which P(0) depends on Q(0), i.e. for which
the most forward variable in the dynamic system is the same as under a policy-instrument
peg (except in the zero-measure case where ¢ = —Q(0)/R(0)). This value is m, and thus
v =90 + max(0,h —m).

A.7T Proof of Proposition 5

The proof of Proposition 5 is essentially a generalization of the proof of Proposition 1, using
this time P(z) = Q(z)z™&(0:h=m) 4 pR(z)zmax(0:m=h) and v = § + max(0, h —m) (as stated in

Lemma 1).

Point (a). I apply Rouché’s theorem to J = C, Py(z) = Q(2)z™@xOh=m) and Py(z) =
PR(z)z™2x(O0m=h) " For any |¢| < ¢ and any z € C, we have

Q(i) Z) = z 2| = > Zmax(O,m—h)
R(g)"R( )| = ¢IR(2)| > [R(2)] = |$R(2) .

Q(2)="™Oh=m| = |Q(2)] > min
zE

So, Rouché’s theorem implies that P(z) has the same number of roots inside C as Q(z)z™ax(0:h—m),
i.e. that p = ¢ + max(0,h —m). Since v = ¢ + max(0,h — m), we get, for any |¢| < ¢ and any
helZ: (i)if ¢ <06 —1, then p <vand S(¢,h) = M; (ii) if ¢ =6, then p = v and S(¢, h) = D;
and (iii) if ¢ > 6 + 1, then p > v and S(¢,h) = E.
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Point (b). I apply Rouché’s theorem to J = C, Py(z) = ¢R(2)z™2*Om=h) and Py(z) =
Q(z)z™2x(0:h=m) " For any |¢| > ¢ and any z € C, we have

Q(2)
R(2)

OR(2)2" O M| = |¢R(2)| > ¢ |R(z)| = max [R(2)| = Q(2)| = |Q(z)zm xRl

zeC

So, Rouché’s theorem implies that P(z) has the same number of roots inside C as pR(z)z™2x(0:m=h)

i.e. that p = r +max(0,m — h). Since v = § + max(0,h — m), we get, for any || > ¢: (i) if
h <h*—1, then p > v and S(¢,h) = E; (ii) if h = h*, then p = v and S(¢, h) = D; and (iii) if
h > h*+1, then p < v and S(¢,h) = M.

Points (d)(i) and (d)(ii). For » < m, we have v = § and P(z) = Q(2) + ¢R(z)z™ . 1

proceed in four steps.

In the first step, I show that for any given |¢| € (¢, ¢), all but ¢+ dg — r roots of P(z) converge
uniformly to C as h — —oo. I get this result by applying Rouché’s theorem twice. Since
gc =1¢ =0, I can consider an arbitrary e € (0,1) such that neither Q(z) nor R(z) has any root
inside the annulus whose borders are C;—. and Cy4. (where again, for any r € Ry, C, denotes

the circle of radius r centered at the origin of the complex plane).

I first apply Rouché’s theorem to J = Ci_., Py(2) = Q(z), and Ps(z) = ¢R(z)z™". For any
6] € (¢, ¢), any

h<hy,_.:=m-+min {0, {log (min260176 Q (5_) lz)g—(110§ (j maxzee, . |R (2)\)J } |

and any z € Ci_, we have

Q)| > min [Q(3)] > 6 max [R(E)(1-"" > 6|R()2""| > |oR(z)2" 7,

2601—5 2601—6

where the second inequality follows from the definition of h;_.. So, Rouché’s theorem implies
that P(z) has the same number of roots inside C;_. as Q(z). Therefore, P(z) has also exactly
g roots inside Cy_ for any |§| € (¢, ¢) and any h < h;_..

I then apply Rouché’s theorem to J = Ciic, Py(2) = ¢R(2)2™ ", and P,(z) = Q(z). For any
6] € (¢, 9), any

log (9 min%ECH-e ‘R (2)|) - 1Og (maX2601+e |Q (2)’)
log (1 +¢€) ’

h<h, :zm—i—min{O, \‘
and any z € Cyy., we have

[OR()2" ] = [6R()| (1+ ™" > 6 min [R()] (1+ ™" > max [Q ()] > |Q(:)

*56614“ §€C1+6

where the last but one inequality follows from the definition of h;,.. So, Rouché’s theorem
implies that P(z) has the same number of roots inside Cy1. as ¢R(z)2™ . Therefore, P(z) has

exactly 7 + m — h roots inside Ci4¢ for any h < h; .. As a consequence, for any |¢| € (¢, P)
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and any h < min (hy_,, hy,.), P(z) has exactly r +m — h — g roots inside the annulus whose
borders are C1_ and Ci4.. Now, the degree of P(z) is dg + m — h when h < m +dr — dg. So,
we eventually get that for any |¢| € (¢, ) and any h < min (hy_,, by ., m+dg — dg), all but
g+ dgr —r roots of P(z) lie between Ci_, and Ci4.. We conclude that for any given |¢| € (¢, ¢),

all but g + dg — r roots of P(z) converge uniformly to C as h — —oco.

In the second step, I show that for any given |¢| € (¢, ¢), the roots of P(z) uniformly converging
to C as h — —oo converge in distribution to the uniform distribution on C. This result is a direct
consequence of the Erdés-Turdn theorem (stated in Appendix A.1). Applying this theorem to
P(z) = P(z), and using the result of the previous step, I thus get that all but ¢ + dg — r roots

of P(z) uniformly converge in distribution to the uniform distribution on C as h — —oo, for any
given |¢| € (¢, ).

In the third step, I show that the number of roots of P(z) inside C grows unboundedly as
h — —oo, for any given |¢| € (¢, $). Since || > ¢, there exists an arc A of C such that Vz € A,
|pR(2)| > |Q(z)|. For any r € Ry, let A, denote the image of A under the homothety whose
center is the origin of the complex plane and whose ratio is r (so that in particular 4; = A).
By continuity, there exists € € (0,1) such that |¢pR(z)| > |Q(z)| for all z on the Jordan curve
J11e made of A, Aj.., and the two radial line segments joining the endpoints of A and A,
(see Figure A.1 in Appendix A.1). I apply Rouché’s theorem to J = Ji1c, Py(2) = ¢R(2)2™ ",
and Ps(2) = Q(z). For any h < m and any z € J14., we have

OR(:)2"7"| = |6R(2)| > Q(:)]

So, Rouché’s theorem implies that P(z) has the same number of roots inside Ji ;. as ¢R(z)2z™".

Therefore, P(z) has at most dr roots inside J14. for any h < m. (Figure A.1 represents the
case in which P(z) has no root inside J14; we necessarily get this case if ¢ is sufficiently small.)
Using the results of the first two steps, we get that the number of roots of P(z) inside the Jordan
curve J1—. made of A;_., A, and the two radial line segments joining the endpoints of A;_.
and A, grows unboundedly as h — —oo. As a result, p grows unboundedly as h — —oo. Thus,
there exists h (|¢|) such that p > 6 = v and S(¢, h) = E for all h < h(|¢]).

In the fourth step, I just note that for any e € (0, b — @ and any [¢| € (¢ + ¢, ®), there exists,
by continuity, £(¢) > 0 such that the arc A can be chosen of length higher than ¢(¢). As a result,
h(|¢]) can be chosen a bounded function of |¢| for |¢] € (¢ + €, ).

Points (¢)(i) and (c¢)(ii). For h > m, we have v = §+h—m and P(z) = Q(2)2" ™+ ¢R(2). 1

follow the same four steps as in the proof of Points (d)(i) and (d)(ii) above, with some variants.

In the first step, I show that for any given |¢| € (¢, ¢), all but r + dg — ¢ roots of P(z) converge
uniformly to C as h — 4o00. I get this result by applying Rouché’s theorem twice. Since
gc = ¢ = 0, I can consider an arbitrary e € (0,1) such that neither Q(z) nor R(z) has any root

inside the annulus whose borders are C;_ and Cj 4.
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I first apply Rouché’s theorem to J = Ci_¢, Py(2) = ¢R(2), and Ps(z) = Q(2)z"~™. For any
6] € (¢, 9), any

: { . rog (maxzee, , |Q (2)]) — log (¢ minzec, . ‘R(g)” }

h>hi_¢:=
! m - max —log (1 —¢)

and any z € C1_., we have

)

[R()| > 6 min [R(3)] = max [Q(3)] (1-9" " 2 Q)"

l1—e

where the second inequality follows from the definition of hi_.. So, Rouché’s theorem implies
that P(z) has the same number of roots inside C;_. as ¢R(z). Therefore, P(z) has also exactly
r roots inside Cy_ for any |¢| € (¢, ) and any h > hq_.

I then apply Rouché’s theorem to J = Ciie, Py(2) = Q(2)2"™, and Py(z) = ¢R(z). For any
6] € (6, 9), any

b e e+ ma {0, {bg (Emice, K)o (i [0 ) w } ,

and any 2z € Ci4, we have
Q| = 1Q@I(1+ 9" > min Q)] (149" > & max [R(2)| > 0R(:)),

where the last but one inequality follows from the definition of hii.. So, Rouché’s theorem
implies that P(z) has the same number of roots inside Ci4 as Q(2)z"~™. Therefore, P(z) has
exactly ¢ + h — m roots inside Ci, for any h > hiy.. As a consequence, for any |¢| € (¢, o)
and any h > max (711_6, BHG), P(z) has exactly ¢ + h — m — r roots inside the annulus whose
borders are Ci_ and Ci4.. Now, the degree of P(z) is dg +h —m when h > m + dgr — dg. So,
we eventually get that for any |¢| € (¢, $) and any h > max (711_6, hiye,m+dp — dQ), all but
r+dg — g roots of P(z) lie between Ci_c and Cy4.. We conclude that for any given |¢| € (¢, ),
all but r + dg — g roots of P(z) converge uniformly to C as h — +o0.

In the second step, I show that for any given |¢| € (¢, @), the roots of P(z) uniformly converging
to C as h — 400 converge in distribution to the uniform distribution on C. This result is,
again, a direct consequence of the Erdgs-Turan theorem (stated in Appendix A.1). Applying
this theorem to P(z) = P(z), and using the result of the previous step, I thus get that all but
r + dg — g roots of P(z) uniformly converge in distribution to the uniform distribution on C as

h — +o0, for any given |¢| € (¢, ¢).

In the third step, [ show that the ratio p/v is lower than 1 as h — 400, for any given |¢| € (¢, }).
Since [¢| > @, there exists an arc A of C such that Vz € A, [¢pR(z)| > |Q(z)|. By continuity,
there exists e € (0,1) such that |¢pR(2)| > |Q(2)| for all z on the Jordan curve J;_. (defined
above and represented in Figure A.3). I apply Rouché’s theorem to J = J1—c, Py(2) = ¢R(2),
and P,(z) = Q(2)z"~™. For any h > m and any z € J;_., we have

9R(:)] > Q)] = Q=)=
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So, Rouché’s theorem implies that P(z) has the same number of roots inside J1_. as ¢R(z).
Therefore, P(z) has at most dg roots inside Ji_. for any h > m. (Figure A.3 represents the

case in which P(z) has no root inside J;_.; we necessarily get this case if ¢ is sufficiently small.)

Figure A.3: Roots of P(z) as h — +00

Tire _
~71—s % -
/ Xy X
X x
7 x X,,/'
/X X/'
IAx
roots of P(z)

Using the results of the first two steps, we get that the ratio of the number of roots of P(z) inside
the Jordan curve Ji4. (defined above and represented in Figure A.3) to the total number of
roots of P(z) converges to ¢(A)/(27) as h — 400, where again ¢(.) denotes the standard length
operator (i.e., the Lebesgue measure on C). So, as h — +00, the ratio of the number of roots of
P(z) outside C to the total number of roots of P(z) is bounded away from 0; or, equivalently, the
ratio of the number of roots of P(z) inside C to the total number of roots of P(z), i.e. the ratio
p/dp, is bounded away from 1. Since the ratio of the number of non-predetermined variables
to the total number of roots of P(z), i.e. the ratio v/dp, converges to 1 as h — +oo (given
that both v and dp increase one-for-one with h), we eventually get that the ratio p/v is lower
than 1 as h — +oo. Thus, for any given |¢| € (¢, ), there exists h (|¢|) such that p < v and
S(¢,h) = M for all b > h (|®]).

In the fourth step, I just note that for any e € (0, b — @ and any [¢| € (¢ + ¢, ®), there exists,
by continuity, () > 0 such that the arc A can be chosen of length higher than ¢(¢). As a result,
h(|¢]) can be chosen a bounded function of |¢| for |¢| € (¢ + ¢, B).

Point (c¢)(iii). For h > m+max(0,dg—dg), we have v = §+h—m, P(z) = Q(2)z" "+ ¢R(2),
and dp = dg+h—m. Consider a Jordan curve 7, (where the subscript “o” stands for “outside C”)
that: (i) lies entirely outside C, (ii) surrounds the dg — ¢ roots of Q(z) outside C (if dg — ¢ > 1),
and (iii) does not surround C. I apply Rouché’s theorem to J = J,, Py(2) = Q(2)z"™, and
Py(z) = ¢R(z). For any |¢| € (¢, ¢), any

log (¢ maxzeg, | R (2)]) — log (minzeg, |Q WW }

log (minze 7, [2])

hZhZ:m—l-maX{O,dR—dQ, |7
and any z € J,, we have

h—m .
z)z > min
‘Q( ) T zZedo

Zejo

h—m
@@ = (minlQ ) ) (min k) > Gmax|R()] > loRC).
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where the last but one inequality follows from the definition of h. So, Rouché’s theorem implies
that P(z) has the same number of roots inside 7, as Q(z)z"~™. Therefore, P(z) has exactly
dg —q roots inside J,, and hence at least dg —¢ roots outside C. We thus get p < dp—(dg—q) =
h—m+q=(q—0)+v. Therefore, if ¢ < — 1, then p < v and consequently S(¢,h) = M for
any |¢| € (¢,$) and any h > h.

Point (d)(iii). For h < m, we have v = § and P(z) = Q(z) + ¢R(2)z™". Consider a
Jordan curve J; (where the subscript “i” stands for “inside C”) that: (i) lies entirely inside C,

and (ii) surrounds the ¢ roots of Q(z) inside C (if ¢ > 1). I apply Rouché’s theorem to J = 7,
Py(2) = Q(2), and P,(z) = ¢R(2)z™ ", For any |¢| € (¢, $), any

R(3) ,zm*h) > ‘¢R(z)zm*h ,

log (minze, |Q (2)]) — log (¢ maxzeg, |R (2)])
—log (maxze, |2])

h<h::m+min{0,\‘

and any z € J;, we have

zeJ; zZeT;

m—h
Q)] > minQ ()] > Gmax | R ()] (maxlel) > dma

where the second inequality follows from the definition of h. So, Rouché’s theorem implies that
P(z) has the same number of roots inside J; as Q(z). Therefore, P(z) has exactly g roots inside
Ji, and hence at least g roots inside C. We thus get p > ¢ = (¢ — 0) + v. Therefore, if ¢ > §+ 1,
then p > v and consequently S(¢, h) = E for any |¢| € (¢, ) and any h < h.

A.8 Proof of Proposition 6

Points (a) and (b)(i). These points straightforwardly follow from Points (a), (c¢)(iii), and
(d)(iii) of Proposition 5.

Point (b)(ii). The proof of this point is similar to (part of) the proof of Point (b) of Proposition
4. If Apin C C\ {—1,1}, then |Q(z)| > ¢ |R(2)| for z € {—1,1}. So, by continuity, there exist

€ (0,6 — ¢) and two open arcs A and A’ of C such that: (i) 1 € A, (ii) —1 € A, and (iii)
Vgl € (9,0 +¢€), Vz€e AUA, |Q(2)] > |¢pR(2)].

For any r € Ry, let A, (resp. A’) denote the image of A (resp. A’) under the homothety whose
center is the origin of the complex plane and whose ratio is r, so that in particular A4; = A
(resp. A} = A’). In addition, for any r € Ry \ {0}, let 7, (resp. J;) denote the Jordan curve
made of A (resp. A'), A, (resp. A.), and the two radial line segments joining the endpoints of
A (resp. A’) and A, (resp. A..).

By continuity, there exists € € (0,1) such that: (i) neither @Q(z) nor R(z) has any root inside
the annulus whose borders are C1_. and Ci., (ii) V|¢| € (¢,¢ +¢€), VA <m, Vz € J1_. UT]_,,
1Q(2)| > |pR(2)z™""|, and (iii) V|¢| € (¢,¢ +€), Vh = m, Yz € Ti4e U T} ., |Q(z)2"™] >
|pR(2)| (see Figure A.4).
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Figure A.4: Jordan curves Ji_c, Jite, J{_., and J{ .
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I first apply Rouché’s theorem to Py(2) = Q(2), Ps(2) = ¢R(2)z™ ", and (alternatively) Ji_.
and J{_.. T obtain that V|¢| € (¢, ¢ + €), Vh < m, P(z) has no root inside J;_. and no root
inside J{_.. Therefore, P(z) has no real root between C;_. and C. Now, we know from Appendix
A.7 that there exists h;_, < m such that V|¢| € (¢,¢), Vh < hy_., P(z) has exactly ¢ roots
inside C1_.. As a result, V|¢| € (¢, ¢ +¢€), Vh < hy__, P(z) has exactly p — g roots between
Ci1_¢ and C, and none of them is real, so p — q is even. Therefore, if ¢ — ¢ is odd, then p — 4 is
odd too. Since v = ¢ for h < h;__, p— v is odd as well. As a consequence, p # v, and hence
S(¢,h) # D, for all |¢| € (¢,¢+¢€) and all h < h; .. Together with Point (d)(ii) of Proposition
5, this result implies that Hp is bounded below.

I then apply Rouché’s theorem to Py(z) = Q(2)2" ™™, Py(2) = ¢R(z), and (alternatively) Ji .
and J{,.. I obtain that V|¢| € (¢, ¢ + €), Vh > m, P(z) has no root inside J14. and no root
inside J{ .. Therefore, P(z) has no real root between C and Cy4.. Now, we know from Appendix
A.7 that there exists hy4. > m such that V|¢| € (¢, ¢), Vh > hi4., P(2) has exactly g+ h—m
roots inside C11.. As aresult, V|¢| € (¢,¢+¢), Vh > hiye, P(2) has exactly g +h —m — p roots
between C and Cy4., and none of them is real, so ¢ + h —m — p is even. Therefore, if ¢ — J is
odd, then § + h —m — p is odd too. Since v =5+ h —m for h > hi,e, v — p is odd as well. As
a consequence, p # v, and hence S(¢, h) # D, for all |¢| € (¢,¢+¢€) and all h > hy .. Together
with Point (c)(ii) of Proposition 5, this result implies that Hp is bounded above.

Point (b)(iii). I consider four alternative cases in turn. First, if A,,;, = {1} and Q(1)R(1) <0,
then Point (e) of Proposition 7 (proved in Appendix A.9 below without using Proposition 6)
implies that Hp is unbounded below (resp. above) if ¢ = 6 — 1 (resp. ¢ = 0 + 1). Second, if
Apmin = {1} and Q(1)R(1) > 0, then the same reasoning as in Appendix A.9 below, this time
for ¢y = —¢ instead of gy = @, straightforwardly implies that Hp is, again, unbounded below
(resp. above) if g =06 — 1 (resp. ¢ =9 + 1).

The third case that I consider is the case in which A,,;, = {—1} and Q(—-1)R(-1) > 0,
and hence ¢ = Q(—1)/R(—1). In this case, I rewrite P(z) as a function of two variables:
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P(,2) = Q(z)zm@(Oh=m) 4 ¢ R(z)zmax(0.m=h) where (¢,z) € R x C. For any h € Z such that
h —m is odd, simple algebra leads to P(qb, —1) =0 and

5(@7 —1) = (_1)max(0,m7h)?R(_1) (h B %) |

where h := m+Q'(—1)/Q(—1)—R'(—=1)/R(—1). This expression for 8]5/82(?7 —1) is generically
non-zero (it can be zero only if @Q'(1)/Q(1) — R'(1)/R(1) is an integer, and I ignore this zero-
measure case). So, one root of the polynomial p(@, z) is —1, and this root is of multiplicity one.
The implicit-function theorem implies the existence of a continuously differentiable function
¢ + Z(¢) such that one real root of P(z) can be written as Z(¢) in the neighborhood of ¢ = ¢,
with Z(¢) = —1 and

Z/(Q) = %(qﬁ,*l) = ?(h—%)

This root of P(z) crosses C at point —1 as ¢ goes through ¢. It is the only root that crosses
C as ¢ goes through ¢. Indeed, any root z € C having this property must satisfy 15(?, z) =0,
which implies |Q(z)| = ¢|R(z)| and hence z = —1 (since Ay = {—1}).

If h < h, then Z'(¢) > 0, and therefore the root of P(z) goes from outside to inside C as ¢
crosses ¢ from below. So, the number of roots of P(z) inside C, p, increases by exactly one as ¢
crosses ¢ from below. We know from Appendix A.7 that this number is p = ¢ + max(0,h —m)
for ¢ just below ¢. We also know from Lemma 1 that v = § + max(0,h —m). So, if ¢ =6 — 1,
then we move from p < v to p = v, and hence from S(¢,h) = M to S(¢,h) = D, as ¢ crosses
¢ from below, for any h € Z such that h —m is odd and such that h < h. Therefore, Hp is

unbounded below.

Alternatively, if b > h, then Z'(¢) < 0, and therefore the root of P(z) goes this time from inside
to outside C as ¢ crosses ¢ from below. So, p decreases by exactly one as ¢ crosses ¢ from below.
Again, we know from Appendix A.7 that p = ¢+max(0,h—m) for ¢ just below ¢, and we know
from Lemma 1 that v = 6 + max(0,h —m). So, if ¢ =0 + 1, then we move from p > v to p = v,
and hence from S(¢,h) = E to S(¢,h) = D, as ¢ crosses ¢ from below, for any h € Z such that

h —m is odd and such that h > h. Therefore, Hp is unbounded above.

The fourth and last case that I consider is the case in which A, = {—1} and Q(—1)R(—1) < 0,
and hence ¢ = —Q(—1)/R(—1). In this case, the analysis and the conclusion are exactly the

same as in the third case, except that “h — m is odd” should be replaced by “h — m is even.”

A.9 Proof of Proposition 7

Points (a)-(d) and (e)(i). These points straightforwardly follow from the definitions of Hp
and ¢y, Points (a)-(b) of Proposition 5, and the restriction ¢y > 0.

Point (e)(ii). The proof of this point is essentially a generalization of the proofs of Point
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(c) of Proposition 3 and Point (f)(ii) of Proposition 4. I assume that A, = {1} (as stated
in this point). I rewrite P(z) as a function of two variables: P(¢,z) = Q(z)zmax(0h—m) 4
PR(z)z™2x(0m=h) where (¢, z) € R x C. Simple algebra leads to P((bw, 1) =0 and

O (ow 1) = Q) (b ).

This last expression is generically non-zero (it can be zero only if Q'(1)/Q(1) — R'(1)/R(1) is
an integer, and I ignore this zero-measure case). So, one root of the polynomial P(¢W7 z)is 1,
and this root is of multiplicity one. The implicit-function theorem implies the existence of a
continuously differentiable function ¢ — Z(¢) such that one real root of P(z) can be written as
Z(¢) in the neighborhood of ¢ = ¢y, with Z(¢w ) = 1 and

_%(d)Wa 1) 1

Z'(¢w) = —2 = .
(Yw) L (py,1)  ¢w (h—h™)

This root of P(z) crosses C at point 1 as ¢ goes through ¢y . It is the only root that crosses C
as ¢ goes through ¢y,. Indeed, any root z € C having this property must satisfy P(d)w, z) =0,
which implies |Q(z)| = ¢|R(z)| and hence z = 1 (since Apin = {1}).

For any h < h**, we have Z'(¢w) < 0, and therefore the root of P(z) goes from outside to
inside C as ¢ crosses ¢y from below. So, the number of roots of P(z) inside C, p, increases
by exactly one as ¢ crosses ¢y from below. We know from Appendix A.7 that this number
is p = ¢ + max(0,h — m) for ¢ just below ¢ = ¢y. We also know from Lemma 1 that
v =08 4+ max(0,h —m). So, if ¢ = — 1, then we move from p < v to p = v, and hence from
S(¢,h) = M to S(¢,h) = D, as ¢ crosses ¢y from below; in this case, the Taylor principle is
locally necessary and sufficient for determinacy. Alternatively, if ¢ < 6 — 2 (resp. ¢ > ), then
we get p < v and S(¢,h) = M (resp. p > v and S(¢,h) = E) for ¢ just above ¢y, and the

Taylor principle is not locally necessary and sufficient for determinacy.

For any h > h**, we have Z'(¢y ) > 0, and therefore the root of P(z) goes this time from inside
to outside C as ¢ crosses ¢y from below. So, p decreases by exactly one as ¢ crosses ¢y from
below. Again, we know from Appendix A.7 that p = ¢-+max(0, h—m) for ¢ just below ¢ = ¢,
and we know from Lemma 1 that v = § + max(0,h —m). So, if ¢ = 0 + 1, then we move from
p > v to p = v, and hence from S(¢,h) = E to S(¢,h) = D, as ¢ crosses ¢y from below; in
this case, the Taylor principle is locally necessary and sufficient for determinacy. Alternatively,
if g < (resp. ¢ > 0+2), then we get p < v and S(¢, h) = M (resp. p > v and S(¢,h) = E) for

¢ just above ¢y, and the Taylor principle is not locally necessary and sufficient for determinacy.

A.10 Proof of Proposition 8

Point (bl). I consider an arbitrary € € (0,1) such that the only roots of R(z) between Cy_.

(included) and Ci4. (included) are the r¢ roots of R(z) on C. I proceed in four steps.
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In the first step, I show that Vh < h* — 1, 3¢y, > 0, V|@| > ¢p, S(¢p,h) = E. T apply Rouché’s
theorem to J = C1_¢, Py(2) = ¢R(2)z™O0m=h) "and P,(z) = Q(2)z™>(0h=m) For any h € Z,
any

Q (%)
R(z)
and any z € Ci_., we have !gf)R(z)zma"(O’m—h)’ > ’Q(z)zmax(o’h_m)‘. So, P(z) has the same
number of roots inside C1_. as ¢R(z)z™#*(0:m=h)  Therefore, P(z) has exactly r+max(0, m—h) =
v+ (h* — h) roots inside C;_., and hence at least v + (h* — h) roots inside C. For h < h* — 1
and |¢| > ¢y, := maxzee, . |Q (2) /R (2)] (1 —&)"™™, thus, we have p > v and S(¢, h) = E.

|| > max (1—e)h ™, (A.2)

2601—5

In the second step, I show that Yh > h*+1, 3¢y, > 0, V|¢| > ¢p, S(¢,h) = M. I apply Rouché’s
theorem to J = Ci4e, Py(2) = ¢R(2)2™2¥O0m=h) "and Py(2) = Q(2)2z™2(0:h=m) For any h € Z,

any

>
9| nax

Q (2) h—m
RG) ' (1+¢) , (A.3)

and any z € Ciy., we have |¢R(z)zmax(0’m_h)‘ > ‘Q(z)zmax(o’h_m)‘. So, P(z) has the same
number of roots inside Cy 4. as ¢R(2)z2*(0m=h) Therefore, P(z) has exactly r+r¢+max(0, m—
h)=v+ (ﬁ* — h) roots inside C; 4, and hence at most v+ (E* — h) roots inside C. For h > h*+1
and [¢| > ¢y, 1= maxzec,.. |Q (2) /R (Z)] (1 + €)™ thus, we have p < v and S(¢, h) = M.

In the third step, I show that Vh € {b*,...,h*}, 3¢y, > 0, V|d| > ¢n, S(¢, h) may depend on
¢ only through the sign of ¢. It is easy to see, with Rouché’s theorem, that for any given
h € {h*,...,h*}, as || — +oo, dg T00ts of P(z) converge to the roots of R(z), while the other
roots of P(z) (if any) either converge to 0, or diverge to 400 in modulus. So, for any given
h € {h*,...,h*}, there exists ¢; > 0 such that the number of roots of P(z) inside C and the
number of roots of P(z) outside C are constant functions of ¢ for ¢ € (¢, +00), and constant
functions of ¢ for ¢ € (—oo, —¢p). These numbers p and dp — p depend on how many of the r¢
roots of P(z) converging to the r¢ roots of R(z) on C converge from inside C, and how many of

them converge from outside C.

In the fourth step, I use the following lemmas:

Lemma 2: 3¢_o >0, 3h < h* -1, V|d| > ¢—c0, YVh < h, S(¢,h) = E.
Lemma 3: 3¢, >0, 34> h* + 1, V|p| > d1o0, Yh > h, S(¢,h) = M.
Proofs: See Appendix A.11 for Lemma 2, and Appendix A.12 for Lemma 3. B

These two lemmas, together with the results of the previous steps, straightforwardly imply Point
(b1) with ¢ := max {¢_co, max {¢p|h < h < h}, oo}

Point (b2). I assume that ¢ = 1 and R(1) = 0 (as stated in this point), which implies in
particular that h* = h*+1. We know from the proof of Point (bl) above that, for |¢| sufficiently
large, P(z) has exactly v+ (h* — h) roots inside C;—. and exactly v+ (h* — h) roots inside Ci .
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Therefore, for h = h* (resp. h = h*) and |¢| sufficiently large, P(z) has exactly v (resp. v — 1)

roots inside C;_ and exactly v + 1 (resp. v) roots inside Cjye.

For ¢ # 0, P(2) has the same roots as eQ(z)z™#(0:h=m) 1 R(z)z0ax(0m=h) where € 1= 1/¢. 1
rewrite the latter polynomial as a function of two variables: ]5((—:, z). I extend the domain of this
function to allow € to be zero: (e,z) € Rx C. We have P(0,1) = 0 and dP/9z(0,1) = R'(1) # 0,
where the inequality follows from r¢ = 1 (which implies that 1 is not a multiple root of R(z)).
So, one root of the polynomial 15(0, z) is 1, and this root is of multiplicity one. The implicit-
function theorem implies the existence of a continuously differentiable function € — Z(¢) such
that one real root of P(e, z) can be written as Z(e) in the neighborhood of e = 0, with Z(0) = 1

and R
~%0,1) _ -Q(1)
920,1) R(1)’

This real root of ]5(6, z) crosses C at point 1 as e goes through 0.

7'(0) =

For —Q(1)/R'(1) < 0, or equivalently Q(1)R/(1) > 0, we have Z'(0) < 0; so, for |¢| sufficiently
small, this real root of P(E, z) is just above 1 if € < 0, and just below 1 if € > 0. Therefore, for
¢ = 1/e sufficiently large in absolute value, one real root of P(z) is just above 1 if ¢ < 0, and
just below 1if ¢ > 0. As a result, for h = h* (resp. h = h*) and || sufficiently large, P(2)
has exactly v (resp. v — 1) roots inside C if ¢ < 0, and exactly v + 1 (resp. v) roots inside C if
¢ > 0. Thus, (S(¢,h*),S(¢,h*)) = (D, M) if ¢ <0, and (S(¢, h*), S(¢,h*)) = (E, D) if ¢ > 0.
This result holds for |¢| sufficiently large and in particular, by construction of ¢, for || > ¢.

Alternatively, for Q(1)R'(1) < 0, we have Z’(0) > 0; so, for |e| sufficiently small, this real root
of P(E, z) is just below 1 if € < 0, and just above 1 if € > 0. Therefore, for ¢ = 1/e sufficiently
large in absolute value, one real root of P(z) is just below 1 if ¢ < 0, and just above 1 if
# > 0. As a result, for h = b* (resp. h = h*) and |¢| sufficiently large, P(z) has exactly v + 1
(resp. v) roots inside C if ¢ < 0, and exactly v (resp. v — 1) roots inside C if ¢ > 0. Thus,
(S(¢,h*), S(¢,h*)) = (E,D) if ¢ < 0, and (S(¢, h*), S(¢,h*)) = (D, M) if ¢ > 0. This result
holds for |¢| sufficiently large and in particular, by construction of ¢, for || > ¢.

Other points. Proposition 8 states that Points (a) and (c)-(d) of Proposition 5 still hold.
The proofs of Points (a), (c)(iii), and (d)(iii) are exactly the same as in Appendix A.7 (with
¢ in these proofs now being defined as in the proof of Point (bl) above). Points (d)(i) and
(d)(ii) are a direct consequence of the following two results: first, as I show in Appendix A.11,
Vb > 0, 3hy, € Z,V|§| > ¢ +b, Vh < min (hy,.,m—dg—1), if z > T then S(¢,h) = E,
where x denotes the number of roots of P(z) whose angular coordinate belongs to a certain non-
degenerate interval (which depends neither on ¢ nor on h), while T is a given positive integer
(which depends neither on ¢ nor on h); and second, as straightforwardly implied by the Erdés-
Turan theorem, the angular coordinates of the roots of P(z) converge in distribution to the
uniform distribution on (0,27) as h — —oo, for any given |¢| € (¢, ¢). Similarly, Points (c)(i)

and (c¢)(ii) are a direct consequence of the following two results: first, as I show in Appendix
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A12,Vb > 0,3h1_ €Z,Y|¢| > ¢+b, Vh > max (ﬁl_g,m +dr+ 1), if x > z then S(¢,h) = M,
where x denotes again the number of roots of P(z) whose angular coordinate belongs to a certain
non-degenerate interval (which depends neither on ¢ nor on h), while Z is again a given positive
integer (which depends neither on ¢ nor on h); and second, as straightforwardly implied by the
Erdgs-Turan theorem, the angular coordinates of the roots of P(z) converge in distribution to

the uniform distribution on (0, 27) as h — +oo, for any given [¢| € (¢, ¢).

Proposition 8 also states that Points (a)-(b) of Proposition 6 still hold. The proofs of these
points are exactly the same as in Appendix A.8. The proof of Point (b)(ii) of Proposition 6,
in particular, uses two results established in Appendix A.7: these results still hold, and their
proof is unchanged. Similarly, the proof of Point (b)(iii) of Proposition 6 is unchanged because
R(1) # 0 when A, = {1}, and R(—1) # 0 when A,,;, = {—1}. Finally, Proposition 8 states
that if R(1) # 0 and ¢y > 0, then Points (a)-(b) and (e) of Proposition 7 still hold. The proofs

of these points are exactly the same as in Appendix A.9.

A.11 Proof of Lemma 2

Let b be an arbitrary positive real number (with “b” standing for “buffer”). There exists an arc
A of C such that V|¢| > ¢ + b, Vz € A, [¢R(z)| > |Q(z)|. By continuity, there also exists ¢ > 0
such that: (i) V[¢| > ¢ +b, Vz € J1ye, |0R(2)| > |Q(2)| (where again J1 4 denotes the Jordan
curve made of A, A4, and the two radial line segments joining the endpoints of A and A;4.),
and (ii) R(z) has no root between C (excluded) and Cj, (included). I apply Rouché’s theorem
to J = Jite, Po(2) = ¢R(2)z™", and Ps(z) = Q(z). For any |¢| > ¢ + b, any h < m, and any
z € J1+e, we have

OR()2""| = [9R(2)] > 1Q(:)]

So, P(z) has the same number of roots inside Ji ¢ as ¢R(2)2™"; therefore, P(z) has no root
inside J1... I also apply Rouché’s theorem to J = Ci e, Py(2) = ¢R(2)2™ " and Py(2) = Q(2).
For any |¢| > ¢ + b, any

h<hy,. = m+min {0’ {log (¢ minzee,,, |R (é!)(l——:ig); (maxzec, . |Q (2)])J } |

and any z € Cy4., we have

[0R(2)2" 7" = [pR(:)| (1+ ™" > 6 min [R(E)|(1+9™" = max [Q(3)] = Q)]

—2€C14e Z€Cite

where the last but one inequality follows from the definition of hy,.. So, P(z) has the same
number of roots inside Cy . as ¢R(2)2™~"; therefore, P(z) has exactly r+r¢+m—h roots inside
Cite In the following, I restrict my attention to |¢| > ¢ + b and h < min (hy, ., m — dg — 1).
This restriction implies that P(z) has no root inside [Jj4. and has exactly r +r¢c +m — h
roots inside Ci4.. Moreover, h < m — dg — 1 implies dp = dr + m — h, so P(z) has exactly

dp — (r+rc+m—h) =dr —r — r¢ roots outside Cp .
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Let o and a denote the angular coordinates of the endpoints of A, with 0 < a < a < 27 (I
am assuming for simplicity that 1 ¢ A; this assumption is made without any loss in generality,
since A can always be chosen such that 1 ¢ A). Let x denote the number of roots of P(z) whose
angular coordinate belongs to («, @). These x roots can have a modulus lower than 1 or higher
than 1+¢, but not between 1 and 1+, since P(z) has no root inside Jj.+.. Moreover, the number
of roots of modulus higher than 1 + € among these x roots cannot exceed dg — r — ¢, which is
the total number of roots of P(z) outside Ci4.. Therefore, the number of roots of modulus lower
than 1 among these x roots is at least © — (dg —r — r¢). Thus, if e > Z:=dr—r—r¢c+d+1,
then the number of roots of modulus lower than 1 among these x roots is at least  + 1, so
p>d+1>d=vand S(¢,h) =E.

I now establish a condition on |¢| and A that implies > Z and hence S(¢,h) = E. Applying
the Erdés-Turan theorem (stated in Appendix A.1) to P(z) = P(z), I get 2 —Z > f(|¢|, ) with

a—a

ol = (

dg dr
> (dp+m —h)—% —16,|(dr +m — h)log (Zk:o asl + 1912 %0 |rk’>7

lqo7d, 9|

where g; for 0 < j < dg denotes the coefficient of 27 in Q(z), and r; for 0 < j < dg denotes
the coefficient of 2/ in R(2). For |¢| > 1 and h < hy := |dg +m — 47Z /(& — a) ], moreover, we
have f(|¢[,h) > 16g(|¢], h) with

(0918 1= VI G+ ) [+ ) 1o (2101

_ d
where K := (@ —a)/(647)]? and K» := (3,2, lqx| + Ziio ITk|)/\/1qordy |- So, for |¢| > 1 and
h < hi, a sufficient condition for f(|¢|,h) > 0, and hence > Z, and hence S(¢,h) = E, is
g(|¢|,h) > 0, or equivalently

log |¢p| < (—2K1) h + [2K; (dg +m) — 2log K3 . (A.4)
For h < h* — 1, another sufficient condition for S(¢,h) = E is (A.2), which can be rewritten as
log |¢| > [log (1 —¢)] h + [log K3 —mlog (1 —¢)], (A.5)

where K3 := maxzee, . |@Q(2) /R (Z)|. The parameter ¢ € (0,1) in (A.2) can be chosen arbitrar-
ily small. T choose it lower than 1 — e~251. Then, the two sufficient conditions (A.4) and (A.5)
together imply that S(¢,h) = E for |¢| > 1 and h < min(h;, h* — 1, he), where

b 2K1 (dp +m)+mlog (1 —¢) —2log Ky —log K3
2 2K +log (1 —¢) '

To conclude, taking into account the restrictions imposed earlier on |¢| and h, I thus get
S(¢,h) = E for all |¢| > ¢_o and all b < h, where ¢_o = max (¢ +b,1) and h =
min (hHe,m —dg —1,h1,h" — 1,h2).

Appendix — 21



A.12 Proof of Lemma 3

The proof of Lemma, 3 is similar to that of Lemma 2. Let b be again an arbitrary positive
real number (with “b” standing for “buffer”). There exists, again, an arc A of C such that
V]g| > ¢+ b, Vz € A, |[¢pR(2)| > |Q(2)|. By continuity, there also exists € > 0 such that: (i)
Vgl > ¢ +b,Vz € Ji—, |pR(2)| > |Q(2)| (where again J1_. denotes the Jordan curve made of
A, Ai_, and the two radial line segments joining the endpoints of A and A;_.), and (ii) R(z)
has no root between C;_. (included) and C (excluded). T apply Rouché’s theorem to J = J1—,
Py(z) = ¢R(z), and Ps(z) = Q(2)2"~™. For any |¢| > ¢ + b, any h > m, and any z € Jy_, we
have

R(:)| > Q)] = |Q(=)=" .

So, P(z) has the same number of roots inside J1_. as ¢R(z); therefore, P(z) has no root inside
Ji—c. Talso apply Rouché’s theorem to J = C1_., Py(z) = ¢R(2), and Ps(z) = Q(2)z"~™. For
any |¢| > ¢ + b, any

B> T = m 4 max {0’ |'log (maxzee, . |Q (i)ll())g—(llo_g Sbmingecl_é \R(E)])—‘ } |

and any z € C1_., we have
ORE)| > 6 min [RE)| 2 max [Q2)](1- 0" 2 Q)| (1- 9" = Q).

where the second inequality follows from the definition of h;_. So, P(z) has the same number
of roots inside C1_, as ¢R(z); therefore, P(z) has exactly r roots inside Cj_. In the following,
I restrict my attention to |¢| > ¢ + b and h > max (h1—¢,m + dg + 1). This restriction implies
that P(z) has no root inside J;_. and has exactly r roots inside C;_.. Moreover, h > m+dr+1
implies dp = dg + h —m.

Let a and & denote, again, the angular coordinates of the endpoints of A, with 0 < o < @ < 27
(I am again assuming, for simplicity and without any loss in generality, that 1 ¢ A). Let x
denote, again, the number of roots of P(z) whose angular coordinate belongs to (a, @). These
x roots can have a modulus lower than 1 — € or higher than 1, but not between 1 — € and 1,
since P(z) has no root inside J;_.. Moreover, the number of roots of modulus lower than 1 — e
among these x roots cannot exceed r, which is the total number of roots of P(z) inside C;_..
Therefore, the number of roots of modulus higher than 1 among these = roots is at least © — 7.
Thus, if © > Z := dg + 7 + 1 — §, then the number of roots of modulus higher than 1 among
these = roots is at least dg + 1 — 0; so, the number of roots of P(z) outside C is also at least
dg+1—9;80,p<dp—(dg+1—-0)=0+h—m—-1=v—1<vand S(¢p,h) =M.

I now establish a condition on |¢| and h that implies z > Z and hence S(¢,h) = M. Applying
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the Erdés-Turan theorem (stated in Appendix A.1) to P(z) = P(z), I get x —Z > f(|¢|, h) with

a—a
2

d d
Zkio ’CIlc| + ‘¢| Zkio ‘Tk’

}Qeroﬁbl

f(|gz§],h)::< >(dQ—i—h—m)—a:—16 (dg + h —m)log

where again ¢; for 0 < j < dg denotes the coefficient of 2J in Q(z), and rj for 0 < j < dp
denotes the coefficient of 27 in R(z). For |¢| > 1 and h > hy := [m —dg + 4nZ/(a — )],
moreover, we have f(|¢|,h) > 16g(|¢|, h) with

Q(W ah) = \/E(dQ +h— m) - \/(dQ +h— m) log (KQ\/m>ﬂ

_ d
where K := [(a@—a)/(647)]? and K := (3,2, lax| —1—2?20 rk)/+/|ddgro|- So, for |¢] > 1 and
h > hy, a sufficient condition for f(|¢|,h) > 0, and hence = > Z, and hence S(¢,h) = M, is
g(|¢|,h) > 0, or equivalently

log|¢] < (2K1) b+ [2K4 (dg — m) — 2log K] (A4.6)
For h > h* + 1, another sufficient condition for S(¢, h) = M is (A.3), which can be rewritten as
log|¢] > [log (1 + )] b + [log K3 — mlog (1+¢)], (A7)

where K3 := maxzec, .. |Q (2) /R (Z)|. The parameter € € (0,1) in (A.3) can be chosen arbitrar-
ily small. I choose it lower than e?/1 — 1. Then, the two sufficient conditions (A.6) and (A.7)
together imply that S(¢,h) = M for |¢| > 1 and h > max(hi, h* + 1, ha), where

by e 2log Ko +log K3 —mlog (1 +¢) — 2K (dg —m)
2 2K, —log (1 +¢) '

To conclude, taking into account the restrictions imposed earlier on |¢| and h, 1 thus get
S(¢,h) = M for all |¢| > ¢y and all b > h, where ¢pyoo = max(d+0b,1) and h :=
max (ﬁl_e,m +dp+1,h, h* + 1,h2). Note finally that h > m +dr + 1 and dg > r + 7¢
imply h > h* + 1; so, h can be more simply written as h = max (ﬁl,e,m +dgr +1,h, h2).

A.13 Proof of Proposition 9

Points (el)-(e4). I assume that g¢ = 1 and Q(1) = 0 (as stated in the proposition). I
consider an arbitrary € € (0,1) such that the only root of Q(z) between C;_. (included) and
Cite (included) is 1 (with multiplicity one). T first apply Rouché’s theorem to J = Cj_,
Py(2) = Q(2)2™x(0h=m) “and Py(z) = ¢pR(2)z™**Om=h)  For any h € 7Z, any

Q(z
R(z

~—

|| < min (1-— f—:)h_m,

zeCi—¢

~—

and any z € Ci—, we have |Q(z)zma’<(0’h_m)‘ > ‘gﬁR(z)zmaX(o’m_h)‘. So, P(z) has the same

number of roots inside C1_. as Q(2)2™X(%:h=m) Therefore, P(z) has exactly ¢-+max(0, h—m) =
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v+ (¢ — 0) roots inside C;_., and hence at least v + (¢ — 0) roots inside C: p > v + (¢ — 6).
Thus, if ¢ > §+ 1, then p > v and (ST,57) = (E,E).

I then apply Rouché’s theorem to J = Cy 1, Py(2) = Q(2)2™(O0h=m) "and Py(z) = ¢R(z)zmax(0m=h),
For any h € Z, any
|¢| < min Q)

zcCiye | R(2)
and any z € Ci4e, we have |Q(z)zma"(0’h*m)‘ > ‘¢R(z)zmax(0’m*h)‘. So, P(z) has the same
number of roots inside C1 4. as Q(z)z™*(%h=m) Therefore, P(z) has exactly ¢+ 1+ max(0, h —
m) = v+ (¢+1—0) roots inside Ci4¢, and hence at most v + (¢+ 1 —J) roots inside C:
p<v+(qg+1—24¢). Thus,if ¢ <§—2, then p < v and (ST,57) = (M, M).

' 1+,

For g € {6 — 1,6}, S(¢, h) depends on whether the unique root of P(z) between C;_. and Ci4.
lies inside or outside C. To answer this question, I rewrite P(z) as a function of two variables:
P, z) = Q(z)zmax(0h=—m) L §R(7)zmax(0m=h) where (¢,2) € R x C. We have P(0,1) = 0
and P /0z(0,1) = Q'(1) # 0, where the inequality follows from gc = 1 (which implies that
1 is not a multiple root of @(z)). So, one root of the polynomial ]5(0,2) is 1, and this root
is of multiplicity one. The implicit-function theorem implies the existence of a continuously
differentiable function ¢ — Z(¢) such that one real root of P(z) can be written as Z(¢) in the
neighborhood of ¢ = 0, with Z(0) = 1 and

~550.1) _ _R()
%,1) Q1)

This real root of P(z) crosses C at point 1 as ¢ goes through 0.

Z'(0) =

For —R(1)/Q'(1) < 0, or equivalently Q'(1)R(1) > 0, we have Z'(0) < 0. So, for |¢| sufficiently
small, this real root of P(z) is just above 1 if ¢ < 0, and just below 1 if ¢ > 0. Therefore,
p=v+(qg—90)ifp<0,andp=v+(¢+1—0)if $ >0. When ¢ =0 — 1, thus, we have p < v
if ¢ <0,and p=vif ¢ >0;s0, (ST,57)=(D,M). When q = §, we have p = v if ¢ < 0, and
p>vif¢>0;s0, (ST,S7)=(FE, D).

Alternatively, for Q'(1)R(1) < 0, we have Z’(0) > 0. So, for |¢| sufficiently small, this real root
of P(z) is just below 1 if ¢ < 0, and just above 1 if ¢ > 0. Therefore, p = v + (¢+1—9) if
¢p<0,andp=v—+(qg—20)if ¢ >0. When ¢ =9 — 1, thus, we have p=v if ¢ <0, and p < v
if ¢ > 0; 50, (ST,57) = (M, D). When q = 6, we have p > v if $ < 0, and p = v if ¢ > 0; so,
(ST,57)=(D,E).

Other points. Points (e5)-(e6) of Proposition 9 are a straightforward consequence of Points
(el)-(ed) of this proposition. Proposition 9 states that Point (b) of Proposition 5 still holds.
The proof of this point is exactly the same as in Appendix A.7. This point straightforwardly
implies that Points (c¢)-(d) of Proposition 7 still hold as well.

Proposition 9 also states that Points (d)(i) and (d)(ii) of Proposition 5 still hold. The proof of
these points is exactly the same as in Appendix A.7, except that: (i) the arbitrary € € (0,1)
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in the first step of the proof should now be chosen such that the only roots of Q(z) and R(z)
between Ci—. (included) and Ci4. (included) are the g roots of Q(z) on C; (ii) |¢| € (¢, ¢) in
this proof should be replaced by |¢| € (¢ + b, ¢), where b is an arbitrary positive real number
(with “b” standing for “buffer”); and (iii) ¢ should be replaced by ¢ + b in the definition of hy

and in the inequality just below this definition.

Finally, Proposition 9 states that Points (c)(i) and (c)(ii) of Proposition 5 still hold. The proof
of these points is exactly the same as in Appendix A.7, except that: (i) again, the arbitrary
€ € (0,1) in the first step of the proof should now be chosen such that the only roots of Q(z)
and R(z) between C;_. (included) and Cj4. (included) are the g¢ roots of Q(z) on C; (ii) again,
|¢| € (¢, ¢) in this proof should be replaced by |¢| € (¢ + b, ¢), where b is an arbitrary positive
real number (with “b” standing for “buffer”); (iii) ¢ should be replaced by ¢ + b in the definition
of hi_. and in the inequality just below this definition; and (iv) in the first two steps of the
proof, ¢ should be replaced by ¢ + qc.

A.14 Proof of Proposition 10

Proposition 10 states that Points (b1)-(b2) of Proposition 8 still hold. The proof of Point (bl) is
exactly the same as in Appendix A.10; this proof rests on Lemmas 2 and 3; the proofs of these
lemmas are exactly the same as in Appendices A.11 and A.12, except that ¢ should be replaced
by ¢ + b in the definition of h;, . and in the inequality just below this definition (in Appendix
A.11), as well as in the definition of h1_. and in the inequality just below this definition (in
Appendix A.12). The proof of Point (b2) is also exactly the same as in Appendix A.10; in
particular, we still have (1) # 0 in this proof because Q(z) and R(z) have no common root on

C.

Proposition 10 also states that Points (c)(i), (c¢)(ii), (d)(i), and (d)(ii) of Proposition 5 still hold.
The proof of these points is exactly the same as in Appendix A.10; this proof uses two results
established in Appendices A.11 and A.12; the proof of these results is unchanged except that,
again, ¢ should be replaced by ¢ + b in the definition of hy, . and in the inequality just below
this definition (in Appendix A.11), as well as in the definition of h;_ and in the inequality just
below this definition (in Appendix A.12).

Finally, Proposition 10 states that if g¢ = 1 and Q(1) = 0, then Points (el)-(e6) of Proposition
9 still hold. The proof of these points is exactly the same as in Appendix A.13; in particular,

we still have R(1) # 0 in this proof because Q(z) and R(z) have no common root on C.

A.15 Proof of Proposition 11

Under Rule (5) with ¢ # 0, we have P(z) = z™O0h=m)[Q(2) + ¢R(2)2™ "], as follows from
Lemma 1. For any j € {1,...,J}, under the rule iy = ¢;Ei{vj1n,} with ¢; # 0, we similarly
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have P(z) = 2O =m)[Q(2) + 651, () =™ ).

Under Rule (7) with ¢ = 0, therefore, there exists k1 € Z such that P(z) = zM[Q(z) +
ijl ¢;R;j(z)z™i~hi]. As a reciprocal polynomial, P(z) is such that P(0) # 0; moreover,
we have Q(0) # 0 and Vj € {1,...,J}, R;j(0) # 0; as a consequence, we get k; = g :=
max[0, max;eqy,.. sy (hj —my)], and thus P(z) = Q(2) = 29[Q(z) + Z}]:l ¢;iR;(2)z™i~Mi]. Tn
addition, the same argument as the one used at the end of Appendix A.6 implies that the number

of non-predetermined variables, v, is equal to 6 =0+ g.

Under Rule (7) with ¢ # 0, similarly, there exists ko € Z such that P(z) = 2*[Q(z) +
Z;-le ¢;R;j(2)z™i7 4+ ¢R(2)2™ . Again, as a reciprocal polynomial, P(z) is such that
P(0) # 0; moreover, we have Q(0) # 0, Vj € {1,...,J}, R;(0) # 0, and R(0) # 0; as a
consequence, we get ky = max[0, max;c(i,.. sy (hj — my),h —m] = max(g,h — m), and thus
P(2) = Q(z)zmax(Oh=1m) 4 yR(z)zmax(0m—h) where m := m + ¢. In addition, the same argu-
ment as the one used at the end of Appendix A.6 implies that the number of non-predetermined

variables, v, is equal to & + max(0, h — ).

Therefore, Lemma 1 still holds for Rule (7) instead of Rule (5), if 6, m, and Q(z) are respectively
replaced by 8, m, and Q(z) in this lemma. As a consequence, Propositions 5-10 still hold for
Rule (7) instead of Rule (5), if §, m, and Q(z) are respectively replaced by 5, m, and Q(z) in

these propositions.

Now suppose that the system composed of Model (4) and Rule (5) is regular (as stated in the
proposition), i.e. that g¢c = r¢ = 0. Since g¢ = 0, we have Vj € {1,...,J}, Qj > 0. Suppose
further that E}]:l || /QJ < 1 (as also stated in the proposition). Let ge := #{z € C|Q(z) = 0}
denote the number of roots of Q(z) on C (counting multiplicity). For any z € C, we have

Q(2) = 29Q(){1 + X0, 03[R ()/Q(2)) 2"} with 29 £ 0, Q(2) £ 0, and
N Bi(R)
‘Zm% Q)

R,
>1- ijl |51 szz))

m;—h;

J R](Z) mj—h;
’”Zw%(z)” |2

U
>1— > 0.
- Z] 1 ¢
So, we get ¢ = 0. Since §c = r¢ = 0, the system composed of Model (4) and Rule (7) is regular.

Moreover, let § := #{z € C|Q(z) = 0,|z| < 1} denote the number of roots of Q(z) inside C
(counting multiplicity). To determine ¢, I apply Rouché’s theorem to J = C, Py(z) = 29Q(2),
and Ps(z) = 29 ijl $;R;j(z)z™i~hi. For any z € C, we have

R;(2)
Q(2)

29Q(2)| = 1Q(2)| > Q= |Z I% > 0z |Z "
:Zj:1‘¢jRj(2>ij_hj = ‘ijl ¢ Rj(2)2mhi| = |59 2;1 ¢;Rj(2)zmihi |

So, Q(z) has the same number of roots inside C as 29Q(z): § = ¢+ g. As a consequence,
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G— 6 =q—4, and the determinacy status under Rule (7) with ¢ = 0 is the same as under Rule
(5) with ¢ = 0.

Finally, let ¢ := min.c¢ |Q(2)/R(z)| and ¢ := max.cc |Q(z)/R(z)| denote the thresholds for ¢
under Rule (5), and é ‘= min,ec )Q(z)/R(z)‘ and ¢ := max,cc ‘Q(z)/R(z)) the thresholds for
¢ under Rule (7). We have

- ]Qz) I Ri(2) g, O] . T Bi(2)

¢ = min R(z) |:1+Zj:1¢] Q(z)° h} = 2eC |R(2)| zec 1+Zj=1¢7 Q(z) "
. J Rj(2) J Ri(2)[] _ 7|l

zomp 13 oG5 2 o[- i o (-2 12)
and

= Q(2) T AR s | €@ s T o @)

¢ I?eac)’( R(z) [1+Zj:1 2 Q(2) } ~ zeC |R(2)| zeC 1+Z]’=1 0 Q(z)

. J R;i(z) . o Ri(2)|] _ - (]}
< pmax [1 +2 19 20 ] <¢ {1 +2 . 165l max 0 H =9 <1 2 s, ) '

A.16 Proof of Proposition 12

Under Rule (5) with ¢ # 0, as stated in Lemma 1, we have v = § + max(0,h — m) and
P(z) = Q(z)z™x(0h=m) 4 pR(z)zmax(0.m=h) Under Rule (8) with ¢ # 0, the number of non-
predetermined variables is still v = § + max(0, h — m), since the new terms in the rule are past
(as opposed to expected future) values of the policy instrument. Moreover, the characteristic
polynomial of the dynamic system is still the same as the characteristic polynomial of the
corresponding perfect-foresight system, but the latter system is now

{ sy o) ] [ B ] -0

1t

Except possibly for a zero-measure set of values of ¢, I can use the same standard result in time-
series analysis as in Appendix A.6. I get that there exists k € Z such that P(z), the reciprocal

polynomial of the characteristic polynomial, is

P(z):zkdet[ A(z) Z_WB(Z)].

—027"V(z)  p(2)

Using the Laplace expansion and the notations introduced in the main text, I rewrite P(z)
as P(z) = 2M{det[A(2)]p(z) — ¢z 7" W (2)} = 2*[Q(2)p(2) + ¢z "R(z)]. As a reciprocal
polynomial, P(z) is such that P(0) # 0; moreover, we have Q(0) # 0, p(0) # 0, and R(0) #
0; as a consequence, we get k = max(0,h — m), and thus P(z) = Q(2)p(z)z™ax(0h—m) 1
PR(z)z™x(0m=h) " 3o Lemma 1 still holds for Rule (8) instead of Rule (5) and for ¢ # 0, if
Q(z) is replaced by Q(z)p(z) in this lemma. As a consequence, Propositions 5-10 still hold for
Rule (8) instead of Rule (5) and for ¢ # 0, if Q(z) is replaced by Q(z)p(z) in these propositions.
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